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Abstract 

We introduce a "Coulombian renormalized energy" W which is a logarithmic type 
of interaction between points in the plane, computed by a "renormalization." We prove 
various of its properties, such as the existence of minimizcrs, and show in particular, using 
results from number theory, that among lattice configurations the triangular lattice is the 
unique minimizer. Its minimization in general remains open. 

Our motivation is the study of minimizers of the two-dimensional Ginzburg-Landau 
energy with applied magnetic field, between the first and second critical fields H Cl and 
H C2 . In that regime, minimizing configurations exhibit densely packed triangular vortex 
lattices, called Abrikosov lattices. We derive, in some asymptotic regime, W as a T-limit 
of the Ginzburg-Landau energy. More precisely we show that the vortices of minimizers 
of Ginzburg-Landau, blown-up at a suitable scale, converge to minimizers of W, thus 
providing a first rigorous hint at the Abrikosov lattice. This is a next order effect compared 
to the mean-field type results we previously established. 

The derivation of W uses energy methods: the framework of T-convergence, and an 
abstract scheme for obtaining lower bounds for "2-scale energies" via the ergodic theorem 
that we introduce. 

keywords: Ginzburg-Landau, vortices, Abrikosov lattice, triangular lattice, renormalized 
energy, Gamma-convergence. 

MSC classification: 35B25, 82D55, 35Q99, 35J20, 52C17. 

1 Introduction 

In this paper, we are interested in deriving a "Coulombian renormalized energy" from the 
Ginzburg-Landau model of superconductivity. We will start by defining and presenting the 
renormalized energy in Section 11.11 then state some results about it in Section 11.21 In Section 
11.31 we then present an abstract method for lower bounds for two-scale energies using ergodic 
theory. In Sections 1 1 . 5H1 . 1 01 we turn to the Ginzburg-Landau model, and give our main results 
about it as well as ingredients for the proof. 



1.1 The Coulombian renormalized energy W 

The interaction energy W that we wish to define just below is a natural energy for the 
Coulombian interaction of charged particles in the plane screened by a uniform background: 
it could be called a "screened Coulombian renormalized energy" . It can be seen in our context 
as the analogue for an infinite number of points in M 2 of the renormalized energy W introduced 
in Bethuel-Brezis-Helein [BBHJ for a finite number of points in a bounded domain, or of the 
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Kirchhof-Onsager function. We believe that this energy is quite ubiquitous in all problems 
that have an underlying Coulomb interaction: it already arises in the study of weighted 
Fekete sets and of the statistical mechanics of Coulomb gases and random matrices [SS6 , 
as well as a limit in some parameter regime for the Ohta-Kawasaki model [GMS2 |. In |SS7j 
we introduce a one-dimensional analogue (a renormalized logarithmic interaction for points 
on the line) which we also connect to one-dimensional Fekete sets as well as "log gases" and 
random matrices. 

We will discuss more at the end of this subsection and in the next, but let us first give 
the precise definition. 

In all the paper, Br denotes the ball centered at and of radius R, and | • | denotes the 
area of a set. 

Definition 1.1. Let m be a positive number. Let j be a vector field in M. 2 . We say j belongs 
to the admissible class A m if 

(1.1) curl j = v — m, div j = 0, 

where v has the form 

v = 2tt 5 P for some discrete set Act 2 , 
peA 

and 

(1.2) ^ R ^ is bounded by a constant independent of R> 1. 

For any family of sets {Ur}r>o in M? we use the notation xu R f° r positive cutoff functions 
satisfying, for some constant C independent of R, 

(1.3) |V XUfl | < C, Supp( X u fl ) C U fl , xu R (x) = 1 if d(x, U R C ) > 1. 

We will always implicitly assume that {U#}ij>o is an increasing family of bounded open sets, 
and we will use the following set of additional assumptions: 



(1.4) {XJr} is a Vitali family and lim K A + ^ AUfl l = 0. 

R-^+oo |Ur| 

for any A £ I 2 . Here, a Vitali family (see [Ri]) means that the intersection of the 
closures is {0}, that R \— > |Ur| is left continuous, and that |Ur — Ur| < C|Ur| for 
some constant C > independent of R. 

• There exists 9 < 2 such that for any R > 

(1.5) U r + B(0,1)cUr +c , U s+1 cU fi + B(0,C), |U fl+ i\Ufl| = 0(R 9 ). 

Definition 1.2. The Coulombian renormalized energy W is defined, for j £ A m , by 
(1.6) W(j) = limsup W ^ X f R \ 
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where for any function \ we denote 




(1-7) W(j, X ) = lim - / xbf + ^ogrjJ2x(p) 

■—" 1 } lR 2 \U peA B(p, v ) ^ 



IFe similarly define the renormalized energy relative to the family {Ur}r>o by 
(1.8) =limsup 



W(j,XV R ) 



R^oo |Ur| 

Let us make several remarks about the definition. 

1. We will see in Theorem Q] that the value of W does not depend on {xb r }r as long 
as it satisfies (|1.3p . The corresponding statement holds for under the assumptions 

2. Since in the neighborhood of p £ A we have curl j = 2tt5 p — 1, div j = 0, we have near p 
the decomposition j(x) = V 1 - log \x — p\ + /(a;) where / is smooth, and it easily follows 
that the limit (jl,7p exists. It also follows that j belongs to Lf oc for any p < 2. 

3. From (jl.ip we have j = —V^H for some iif, and then 



-Ai7 = 2^^5 p 



m. 



peA 



Then the energy in (|1.7j) can be seen as the (renormalized) interaction energy between 
the "charged particles" at p € A and between them and a constant background —m. 
We prefer to take j = —V^H as the unknown, though, because it is related to the 
superconducting current j E . 

4. We will see in Theorem Q] that the minimizers and the value of the minimum of Wu 
are independent of U, provided (|1.4p and (|1.5p hold. However there are examples 
of admissible j's (nonminimizers) for which Wu(j) depends on the family of shapes 
{Ur}r>o which is used. 

5. Because the number of points is infinite, the interaction over large balls needs to be 
normalized by the volume and thus W does not feel compact perturbations of the 
configuration of points. Even though the interactions are long-range, this is not difficult 
to justify rigorously. 

6. The cut-off function xr cannot simply be replaced by the characteristic function of Br 
because for every p £ A 

lim W(j, 1b ) = +oo, lim W(j, 1 Br ) = -oo. 
R->\p\ R->\p\ 
R<\p\ R>\p\ 

7. It is easy to check that if j belongs to A m then f = ■^=j{-/^/m) belongs to A\ and 

(1.9) W{j) = m (w{j') - i log m \ . 

so we may reduce to the study of W over At . 
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When the set of points A is periodic with respect to some lattice T*u + "Lv then it can be 
viewed as a set of n points a%, ■ ■ ■ ,a n over the torus = R 2 / (Zu + Zv). There also exists 

a unique periodic (with same period) j{ ai } with mean zero and satisfying (jl.ip for some m 
which from (jl.ip and the periodicity of j{ a j must be equal to 2i:n divided by the surface 
of the periodicity cell. Moreover j{ ai } minimizes W among (u, tf)-periodic solutions of (jl.ip 
(see Proposition 13. ip . The computation of W in this setting where both A and j are periodic 
is quite simpler (the need for the limit R — > oo and the cutoff function disappear). By the 
scaling formula (jl.9p , we may reduce to working in A n in a situation where the volume of the 
torus is 2tt. Then we will see in Section [3.11 the following 

Lemma 1.3. With the above notation, we have 

(1-10) W(j {ai} ) = \Y1 G ^ ~ a i) + nc («^) 

where cr^^ is a constant depending only on (u, v) and G is the Green function of the torus 
with respect to its volume form, i.e. the solution to 

— AG(x) = 2tt5o — 1 in TW^. 

Moreover, j{ ai } ^ s the minimizer ofW(j) among all ^-periodic j 's satisfying (jl.ip . 

Remark 1.4. The Green function of the torus admits an explicit Fourier series expansion, 
through this we can obtain a more explicit formula for the right-hand side of (jl.lOD ; 
(1.11) 

1 e 2i7rp-(ai-«y) n ( ^p-x 

W(j{a i} ) = ^ L 47T 2 ]pl 2 +2 & L 4^ +1 ° gN 

i¥=J P&(%u+Zv)*\{0} \pG(Zu+Zv)*\{0} 

where * refers to the dual of a lattice. 

The function ^2 if LjG(ai — aj) is the sum of pairwise Coulombian interactions between 
particles on a torus. It arises for example in number theory (Arakelov theory), see |La2j p. 
150, where a result attributed to Elkies is stated: Xa^j G{ai — aj) > — f log n + 0{n) (on any 
Riemann surface of genus > 1). Note that we can retrieve this estimate in the case of the 
torus by using the fact that min^j W is finite and formula (j!.12p with m = n. 

So conversely, another way of looking at our energy W is that it provides a way of com- 
puting an analogue of YLv£j G{ai — aj) in an infinite-size domain. 

1.2 Results and conjecture on the renormalized energy 

The following theorem summarizes the basic results about the minimization of W. Note that 
by the scaling relation (|1.9[) we may reduce to the case of Ai, and we have 

(1.12) minVF = m ( min W logm | . 

Am V 4 / 

Theorem 1. Let W be as in Definition ll.B. 

1. Let {Ur}#>o be a family of sets satisfying (|1.4|) - (|1.5|) . then for any j £ Ai, the value of 
Wjj(j) is independent of the choice ofxu R * n its definition as long as it satisfies (jl.3p . 
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2. W is Borel measurable on Lf oc (M?, M 2 ), p < 2. 

3. min_4 1 Wjj is achieved and finite, and it is independent of the choice of U, as long as 
{XJ R } satisfies (fL3D -(fL5l). 

4- There exists a minimizing sequence {j n } n eN for min_4 1 W consisting of vector-fields 
which are periodic (with respect to a square lattice of sidelength \/2irn ). 

The question of identifying the minimum and minimizers of W seems very difficult. In 
fact it is natural to expect that the triangular lattice (of appropriate volume) minimizes W 
over any A m , we will come back to this below. We show here a weaker but nontrivial result: 
the triangular lattice is the unique minimizer among lattice configurations. 

When the set of points A itself is a lattice, i.e. of the form TLu © Zv, denoting by j'a the j 
which is as in Lemma [L3j that lemma shows that W(j^) is equal to C(^#) and only depends 
on the lattice A. We will denote it in this case by VF(A). For the sake of generality, we state 
the result for any volume normalization: 

Theorem 2. Let C = {A | A is a lattice and j\ £ A m }. Then the minimum 0/A4 II^(A) 
over C is achieved uniquely, modulo rotation, by the triangular lattice 

A??}, - 




The normalizing factor ensures that the periodicity cell has area 27r/m, or equivalently 
that A m 6 A m - 

Remark 1.5. The value of W for the triangular lattice with m = 1 estimated numerically 
from formula (|3.6p or ()3.10j) is ~ —0.2011. For the square lattice it is ~ —0.1958. 

Theorem [2] is proven by expressing j'a using Fourier series. Then minimizing W over C is 
a limit case of minimizing the Epstein £ function 

P eA\{0} lFl 

over C when x — > 0. This question was answered by Cassels, Rankin, Ennola, Diananda, 
[Casj IRanl IEnH IEn21 iDi] . In a later self-contained paper [Montj , Montgomery shows that the 
^-function is actually the Mellin transform of another classical function from number theory: 
the Theta function 

(1.13) 9 A (a) = ^e"™ |p|2 . 

peA 

He then deduces the minimality of the £ function at the triangular lattice from the corre- 
sponding result for the 9 function (we will give more details in Section [2D. 

The main open question is naturally to show that the triangular lattice is a minimizer 
among all configurations: 

Conjecture 1. The lattice A m being defined as in Theorem^, we have W(A m ) = min_4 m W. 
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Note that a minimizer of W cannot be unique since compact perturbations do not affect 
the value of W, as seen in the fifth remark in Section 11.11 However, it could be that the 
triangular lattice is the only minimizer which is also a local minimizer in the following sense: 
if A' is any set of points differing from A by a finite number of points, and j\/ a corresponding 
perturbation of j\, then 

lim W(j A ',XB R ) ~ W{j A ,XB R ) > 0. 

it— too 

(Note that here we do not normalize by |-Br|.) 

A first motivation for this conjecture comes from the physics: in the experiments on super- 
conductors, triangular lattices of vortices, called Abrikosov lattices, are observed, as predicted 
by the physicist Abrikosov from Ginzburg-Landau theory. But we shall prove here, cf. Theo- 
rem HI that vortices of minimizers of the Ginzburg-Landau energy functional (or rather, their 
associated "currents") converge in some asymptotic limit to minimizers of W, so if one believes 
experiments show ground states, then it can be expected that the triangular lattice corre- 
sponds to a minimizer of W. Another motivation for this conjecture is that, returning to the 
expression (jl.6p - (jl.7p . W can be seen as a renormalized way of computing 1 1 2vr ^ 5 P — l||#-i , 
thus minimizing W over A\ is heuristically like trying to minimize ||27r^ 5 p — l||#-i over 
points in the plane, or trying to allocate points in the plane in the most uniform manner. By 
analogy with packing problems and other crystallisation problems, it seems natural, although 
far out of reach, that this could be accomplished by the triangular lattice. Positive answers 
are found in |Radj for packing problems, [Th] for some very short-range pairwise interaction 
potential, and one also finds the same conjecture and some supporting arguments in |CK] 
Section 9, for a certain (but different) class of interaction potentials. But we note however 
again that here the interaction between the points is logarithmic hence long range, in contrast 
with these known results. Finally, in dimension 1, the situation is much easier, since we can 
prove m [SS7] that the minimum of the one-dimensional analogue of W is indeed achieved by 
the perfect lattice Z (suitably rescaled). 

We have seen in Theorem [1] that W has a minimizer which is a limit of periodic con- 
figurations with large period. This will be used crucially for the energy upper bound on 
Ginzburg-Landau in Section [7J It also connects the question of minimizing W in all gener- 
ality to the simpler one of minimizing it in the periodic setting. By the formula (jl.lOp the 
problem in the periodic setting reduces to minimizing Sj^j G{ai — aj) or (ll.lip over the torus. 
The points that achieve such minima (on all types of surfaces) are called Fekete points (or 
weighted Fekete sets) and are important in potential theory, random matrices, approximation, 
see [ST] , Their average distribution is well-known (see |ST| ). in our setting it is uniform, but 
their precise location is more delicate to study (in [SS6J we make progress in that direction 
and connect them to W). As already mentioned in the last remark of the previous subsection, 
estimates on the minimum value of W in this setting are also used in number theory. 

The energy W also bears some ressemblance with a nonlocal interaction energy related 
to diblock copolymers, sometimes called "Ohta-Kawasaki model" and studied in particular 
in a recent paper of Alberti, Choksi and Otto [AC()| . see also [Mul IGMSlj (and previous 
references therein): there, one also has a logarithmic interaction, but the Dirac masses are 
replaced by nonsingular charges, and so no renormalization is needed. More precisely the 
interaction energy is ||if — m||#-i where mis a fixed constant in [—1, 1] and u takes values in 
{— 1, 1}, whose BV norm is also penalized. There, triangular lattice configurations are also 
observed, it can even be shown [GMS2] that the energy W can be derived as a limit in the 
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regime where m — >• 1 (in this regime, the problem becomes singular again). Also, the analogue 
result to our Theorem [2] is proven for that model in |CU| using also modular functions. In 
[ACQ | it is proven that for all m 6 [—1, 1] the energy for minimizers is uniformly distributed. 
Our study of W in Section [J] is similar in spirit. Note that results of equidistribution of energy 
analogous to [ACO] could also most likely be proven with our method. 

1.3 Lower bounds for two-scale energies via the ergodic theorem 

In this subsection we present an abstract framework for proving lower bounds on energies 
which contain two scales (one much smaller than the other). This framework will then be 
crucially used in this paper, both for proving the results of W in Theorem Q] and for obtaining 
the lower bounds for Ginzburg-Landau in Theorem [3] and [5] We believe it is of independent 
interest as well. 

The question is to deduce from a T-convergence (in the sense of De Giorgi) result at a 
certain scale a statement at a larger scale. The framework can thus be seen as a type of Y- 
convergence result for 2-scale energies. The lower bound is expressed in terms of a probability 
measure, which can be seen as a Young measure on profiles (i.e. limits of the configuration 
functions viewed in the small scale). Following the suggestion of Varadhan, this is achieved 
by using Wiener's multiparameter ergodic theorem, as stated in Becker |Be| . Alberti and 
Miiller introduced in |AM| a different framework for a somewhat similar goal, with a similar 
notion of Young measure, that they called "Young measures on micropatterns" . In contrast 
with Young measures, these measures (just like ours) are not a probability measure on values 
taken by the functions, but rather probability measures on the whole limiting profile. The 
spirit of both frameworks is the same, however Alberti and Midler's method did not use the 
ergodic theorem. It was also a bit more general since it dealt with problems that are not 
homogeneous at the larger scale but admit slowly varying parameters (however we generalize 
to such dependence in forthcoming work), and it adressed the T-limsup aspect as well. Our 
method is more rudimentary, but maybe also more flexible. In forthcoming work, we refine it 
and include a version with dependence on the "slow (larger scale) variable" in [SS6 , as well 
as an application to random homogenization in [BSSJ. 

Let X denote a Polish metric space (for reference see [DuJ ) . When we speak of measurable 
functions on X we will always mean Borel-measurable. We assume that there exists an n- 
parameter group of transformations 9\ acting continuously on X. More precisely we require 
that 

- For all u G X and A,/i £ IR n , 9\(9^u) = 9\ + ^u, 9$u = u. 

- The map (A, u) \— > 9\u is measurable on R n x X. 

- The map (A, u) 9\u is continuous with respect to each variable (hence measurable 
with respect to both). 

Typically we think of A as a space of functions defined on R n and 9 as the action of transla- 
tions, i.e. 9\u(x) = u(x + A). 

We also consider a family {u> E } e of domains of R n such that for any R > and letting 
^>£,R = {x £ co £ \ dist (x, du £ ) > R}, we have 

(1.14) \co e \ ~ as e — > 0. 
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In particular the diameter of oj £ tends to +00 as e — > 0. 

Finally we let {f e } e and / be measurable nonnegative functions on X, and assume that 
for any family {u £ } e such that 

(1.15) Vi?>0, limsup / f £ (9 x u £ )d\ < +00 

e^O JB R 

the following holds: 

1. (Coercivity) {u £ } £ admits a convergent subsequence. 

2. (T-liminf) If {u £ } £ is a convergent subsequence (not relabeled) and u is its limit, then 
(1.16) liminf/ £ (n e ) >/(«). 

£-S>0 

The abstract result is 

Theorem 3. Let {9 X } X , {^ e } £ and {f £ } £ , f be as above. Let {Ur}r>o be a family satisfying 



(1.17) F £ (u) = -f f £ {9 x u)d\. 



Assume that {F £ (u £ )} £ is bounded. Let P £ be the image of the normalized Lebesgue measure 
on uj £ under the map A 1— > 9 x u £ . Then P £ converges along a subsequence to a Borel probability 
measure P on X invariant under the action 9 and such that 

(1.18) limini FJu £ ) > f f(u)dP(u). 

e^O J 
Moreover, for any family {Ur}r>o satisfying (jl.4p . we have 

(1.19) J f(u)dP{u) = j r(u)dP(u), 
with f* given by 

(1.20) /*(«):= I™ / f{9 x u)d\. 

In particular, the right-hand side of f)1.19|) is independent of the choice o/{U/j}r>o- 

Remark 1.6. The result (|1.19p is simply the ergodic theorem in multiparameter form. Part 
of the result is that the limit in ()1.19p exists for P -almost every u. 

The probability measure P is the "Young measure" on limiting profiles we were referring 
to before, indeed it encodes the limit of all translates of u £ . Note that P £ — >• P implies that 
P almost every u is of the form lim e _j.o 9\ e u £ . The limit defining /* can be viewed as a 
"cell problem" , using the terminology of homogenization, providing the limiting small scale 
functional. 

To illustrate this result, we shall give two examples, in order of increasing generality, both 
models for what we will use here. 
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Example 1. Consider X = A4(M. n ) the set of positive bounded measures on W 1 , and 9\ the 
action of translations ofW 1 . Let x be a given nonnegative smooth function with support in the 
unit ball ofM n , and define f e (fi) = f(fJ-) = J R „X(i//. Then one can check that F e , as defined 
in (fTTTTD . is 

F e(fj) = I 1 / X * lw s dfl. 

I w e| JR™ 

The result of the theorem (choosing balls for example) is the the assertion that 

lim inf F e Qi e )> ff{ii) dP(fx) = E p ( lim f x * 1 Br g^Y 

The probability P gives a measure over all limiting profiles of fi £ ( depending on the centering 
point), and the result says that the quantity we are computing, here the average of fi e over the 
large sets ui £ , can be bounded below by an average, this time over P, of a similar quantity for 
the limiting profiles. This implies in particular that there is a fiQ in the support of P, hence 
of the form lim £ _ s> o He(^e + •) such that 

lim inf — *— / x * lw e dfi e > lim fx* 1b r dfiQ. 

e^O \u e \ J R n R^+co J 

In other words we can find a good centering sequence X e such that the average of fi £ over 
the large sets oj £ can be bounded from below by the average over large balls of the limit after 
centering, fiQ. The averages over co e or Br, and the average with respect to P are not of the 
same nature (in standard ergodic settings, the first ones are usually time averages, while the 
latter is a space average). 

Example 2. Let us assume we want to bound from below an energy which is the average over 
large (as e — > 0) domains uj £ of some nonnegative energy density e e {u), defined on a space of 
functions X (functions overW 1 ), j-^ e e (u(x)) dx, and we know the T -liminf behavior of e £ (u) 
on small (i.e. here, bounded) scales, say we know how to prove that liminf e _>.o J Br e £ (u) dx > 
J Br e(u) dx. We cannot always directly apply such a knowledge to obtain a lower bound on the 
average over large domains, this may be due to a loss of boundary information, or due to the 
difficulty to reverse limits R — > oo and e — )■ 0. (These are two obstructions that we encounter 
specifically both for Ginzburg-Landau and W, as illustrated by the 6th remark in Section [TTJ\) 
What we can do is let x be a smooth cutoff function as above, and define the functions f e by 

fe(u) = J e e (u(x))x(x)dx, 

that is f £ can be seen as the small scale local functional. Since we know the T-liminf behav- 
ior of the energy density e e on small scales, let us assume we can prove that f 1 1 . 1 6 1) holds 
for some function(al) f , a function on u (we may expect that f will also be of the form 
f e(u(x)) x( x ) dx.) 

Defining F £ as in (|1.17p and using Fubini's theorem, we see that 

F e{u) = i j e £ (u(x + y))x(x) dx dy = -r— [ e £ (u(z)) X (x) dx dz. 

Since x is supported in E>\, J % = 1, and uj e satisfies (|1.14|) . we check that 

Fe{u)~e->vi e e {u(y)dy, 
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hence F e is asymptotically equal to the average we wanted to bound from below. We may thus 
apply the theorem and it yields a lower bound for the desired quantity: 

liminfF £ (u £ ) > f f*(u)dP(u) 

e^O J 

with 

(1.21) /*(«)= lim/ f(u(x + -))dx 

R->°°Jb r 

The "cell-function" f* is simply an average over large balls of the local T-liminf f . If typically 
f is of the form f e(u{x)) \{x) dx then we can compute by Fubini that 



1.4 The Ginzburg-Landau model 

Our original motivation in this article is to analyze the behaviour of minimizers of the 
Ginzburg-Landau energy, given by 

(1.22) G £ (u, A) = \j \^au\ 2 + | curl A - h cx \ 2 + ^jff . 

This is a celebrated model in physics, introduced by Ginzburg and Landau in the 1950's as 
a model for superconductivity. Here 17 is a two dimensional bounded and simply connected 
domain, u is a complex-valued function, "order parameter" in physics, describing the local 
state of the superconductor, A : Q i-» R 2 is the vector potential of the magnetic field h = 
curl A = V x A, and denotes the operator V — iA. Finally the parameter h ex denotes the 
intensity of the applied magnetic field and e is a constant corresponding to a characteristic 
lengthscale (of the material). It is the inverse of k, the Ginzburg-Landau parameter in physics. 
We are interested in the e — > asymptotics. The quantity \u\ 2 measures the local density 
of superconducting electron pairs (\u\ < 1). The material is in the superconducting phase 
wherever \u\ ~ 1 and in the normal phase where \u\ ~ 0. We focus our attention on the 
zeroes of u with nonzero topological degree (recall that u is complex- valued) , also known as 
the vortices of u. Here the typical lengthscale of the set where \u\ is small, hence of the vortex 
"cores", is e. 

The Euler-Lagrange equations associated to this energy with natural boundary conditions 
are the Ginzburg-Landau equations 

' -(V A ) 2 ^ = ^(1 - |^| 2 ) in n 

—V- L h=(iu,VAu) in f2 

h = h cx on dO, 

v ■ V au = on dVt. 

where V -1 denotes the operator (—82, d\),v the outer unit normal to dQ and (•, •) the canonical 
scalar product in C obtained by identifying C with M 2 . 



(1.23) 
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This model is also famous as the simplest "Abelian gauge theory". Indeed it admits the 
U(l) gauge-invariance : the energy (|1.22|) . the equation (|1.23|) . and all the physical quantities 
are invariant under the transformation 



For a more detailed mathematical presentation of the functional, one may refer to [SS4J 
and the references therein. 

1.5 Physical behaviour: critical fields and vortex lattices 

Here and in all the paper a b means lima/6 = 0. 

For e small, the minimizers of (|1.22p depend on the intensity h ex of the applied field as 
follows. 

- If h cx is below a critical value called the first critical field and denoted by H Cl , the 
superconductor is in the so-called Meissner state characterized by the expulsion of the 
magnetic field and the fact that |u| ~ 1 everywhere. Vortices are absent in this phase. 

- If /i ex is above H Cl , which is equivalent to An|log e\ as e — > 0, then energy minimizers 
have one vortex, then two,... The number of vortices increases with h ex , so as to become 
equal to leading order to h ex /2n for fields much larger than |log e\ (see [SS4J). In this 
case, according to the picture we owe to A. Abrikosov and dating back to the late 1950's, 
vortices repell each other and organize themselves in triangular lattices named Abrikosov 
lattices. The theoretical predictions of Abrikosov have received ample experimental 
confirmation and there are numerous and striking observations of the lattices. 

- If h cx increases beyond a second critical value H C2 = 1/e 2 , another phase transition 
occurs where superconductivity disappears from the material, except for a boundary 
layer. Even this boundary layer completely disappears when h ex is above a third critical 
field H cs . 

Since the works of Ginzburg, Landau and Abrikosov, this model has been largely studied 
in the physics literature. We refer to the classic monographs and textbooks by De Gennes 
|DeG] . Saint- James Sarma - Thomas |SSTj . Tinkham [Tij . 

The above picture describes the phenomenology of the model for small values of e (or high 
values of n) in a casual way, but by now many rigorous mathematical results support this 
picture. Except for the third critical field however, whose existence was proven in a strong 
sense by Fournais and Helffer [FHIJ IFH2j . mathematical results really prove the existence 
of intervals where the transition between the different types of behaviour occur, rather than 
critical values, with estimates on these intervals as e — > 0. 

Our goal is the study and description of the vortices in the whole range H C1 < h ex <C H C2 , 
where minimizers of the Ginzburg-Landau energy have a large number of vortices, expected 
to form Abrikosov lattices. 
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1.6 Connection to earlier mathematical works 



There is an abundant mathematical literature related to the study of (jl.22|) and to the 
justification of the physics picture above. A relatively extensive bibliography is given in 
[SS4] . Chap. 14. 

The techniques most relevant to us for the description of vortices originate in the pioneer- 
ing book of Bethuel-Brezis-Helein [BBH] and have been further expanded by several authors 
including in particular Jerrard, Soner [Jel[J5], ourselves, etc... For a more detailed description 
of these techniques we refer to [SS4J. In that book we describe how these techniques allow 
to derive the asymptotic values of the critical field H C1 as e — > as well as the mean-field 
description of minimizers and their vortices in the regimes h ex <C H C2 . 

In order to describe the vortices of minimizers, one introduces the vorticity associated to 
a configuration (u,A), defined by 

(1.24) fj,(u, A) = curl j(u, A) + curl A, where j(u,A) := (iu, V^u) 

is the superconducting current. Here (a, b) denotes the Euclidean scalar product in C identified 
with M 2 , so j(u, A) may also be written as | (uV^u — uS7 a'u) > or as p 2 (Vc/? — A) if u = pe %v , 
at least where p / 0. 

This vorticity is the appropriate quantity to consider in this context, rather than the 
quantity curl (iu, V^w) which could come to mind first. It may be seen as a gauge-invariant 
version of curl (iu, Vu) which is also (twice) the Jacobian determinant of u. Indeed if A = 0, 
then u(u, A) = 2d x u x d y u. One can prove (this is the so-called Jacobian estimate, see [JS|. 
34]) that assuming a suitable bound on G e (u, A), the vorticity p(u, A) is well approximated, 



in some weak sense, as e — > by a measure of the form 2n ^ di5 ai . As points of concentration 
of the vorticity, the points {aj}j are naturally called vortices of u and di, which is an integer, 
is called the degree of Oi- The vorticity p(u,A) may either describe individual vortices or, 
after normalization by the number of vortices, their density. 

In previous work (summarized in [SS4j . Chap. 7) we showed that 

(1.25) H Cl ~ A n |log e|, 

for a constant Xq > | depending only on f2 (and such that Xq — > ^ as ft — > M 2 ). More 
precisely, letting h ex = A|log e\, we established by a T-convergence approach that minimizers 
(u e ,A e ) of G £ satisfy 

curlA e u(u £ ,A £ ) 

(1.26) — converges to h\, converges to fi\, as e — > 0, 

<^ex "'ex 

where p\ = —Ah\ + h\, and h\ is the solution of the following minimization problem 

(1.27) min \ I I - Ah + h\ + - [ \Vh\ 2 + \h - 1| 2 . 
h-ieHi(Q) 2A J n 2 J n 

This problem is in turn equivalent to an obstacle problem, and as a consequence there exists 
a subdomain uj\ such that 



1 

,1.28) p x = m x luj x , where m A = 1 - 7^, 



and where 1a denotes the characteristic function of A. In other words the optimal limiting 
vortex density fi\ is uniform and equal to m\ over a subregion of Q, completely determined 
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by A i.e. by the applied field h ex . The constant An introduced in (jl.25p is characterized by 
the fact that oj x = if and only if A < An- Since An > ^, if uj x ^ we have 



(1.29) 1 > mA > 1 _ _1_ > 0. 



Since the number of vortices is proportional to h ex = A|log e\, it tends to +oo as e — > 0. It is 
also established in [SS4] that as e — > 0, the minimal energy has the following expansion, 

(1.30) minG e = ^ ex log —^= f n x + f \Vh x \ 2 + \h x - 1| 2 + o ( h ex log —^= 



When the applied field is much larger than |log e\, but much less than 1/e 2 , ()1.26j) and (|1.30p 
still hold, replacing A by +oo. In this case h x = 1 and u x = f2. 

There are other cases where the distribution of vortices for minimizers of the Ginzburg- 
Landau functional is understood. First in a periodic setting: Minimizing the Ginzburg- 
Landau energy among configurations (u, A) which are periodic (modulo gauge equivalence) 
with respect to a certain lattice independent of e, one obtains (see |Ay AyS| ) as above a 



limiting vortex density ^ x = —Ah x + h x where h x minimizes the energy in (|1.27p among 
periodic functions. The minimizer in this case is clearly a constant, which is easily found to 
be max (l — =t, 0). 

Second, in the regime of applied fields h ex where the number of vortices tends to +oo, but 
is negligible compared to |log e|, (this corresponds to applied fields such that log | log e| -C 
hex — Ao|log e| <C | log e\ as e — > 0), it is shown in [SS4j that for simply connected domains 
satisfying a certain generic property (see (|1.3ip below) — including convex domains — vortices 
concentrate around a single point (a finite number of points for general simply connected 
domains). Then, blowing up at the suitable scale and normalizing the vorticity, one obtains 
in the limit a probability measure \i which describes the distribution of vortices around the 
point, and fi is the unique minimizer among probability measures in R 2 of 

I(fj) = -ir J J log \x - y\ dfj,(x) dfi(y) + ir J Q(x) dfx(x). 

Note that here Q is a positive definite quadratic form which depends on the domain Q. It 
is the Hessian of a certain function at the point of concentration of the vortices. Note that 
the precise regime of applied field modifies the number of vortices, i.e. the normalizing factor 
of the vorticity, and the scaling, but does not influence the limit distribution fj,, which is a 
characteristic of Q. 

In our previous work, the treatment for the "intermediate" regime log |log e| <C h ex — 
Aq | log e| <C |log e| and for the regime h ex = A|log e|, A > An were different, the former one 
being more delicate. Here we provide (and this is part of the technical difficulties) a unified 
approach for both, and treat all regimes h ex <C H C2 where the number of vortices is blowing 
up. 



1.7 Main result on Ginzburg-Landau 

The mean field description above tells us that the vortices tend to be distributed uniformly 
in oj x but is insensitive to the pattern formed by vortices. This pattern is in fact, as we 
shall see, selected by the minimization of the next term in the asymptotic expansion of the 
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energy as e — > 0. The proof of this is achieved in this paper by a splitting of the energy 
that separates the leading order term found in (|1.3U|) from a remainder term, and then by 
studying the remainder term after blow up at the scale of the expected intervortex distance, 
which from the above considerations is of the order of l/^//i ex ; this remainder term is then 
shown to T-converge to W (as introduced in Section II. ip , hence allows to distinguish among 
vortex configurations. 

As before, we use the current j(u,A) = (m, V au) (cf. (|1.24p ) to describe the vortex 
locations, we study through the abstract framework of Section 11.31 the probability measure 
carried by all possible limiting profiles of blow ups of j at the scale 1/yJ h ex centered at all 
possible blow-up points in u)\, and show that this probability is concentrated on minimizers 
of W. 

Before stating the simplest form of our main result, let us explain the main assumptions 
we need to make. First, we make the simplifying assumption that the domain SI is convex. 
This is only used at one point in the proof (the upper bound construction) and avoids the 
possibility that uj\ may have cusps. We believe our results still hold without this restriction. 
Then letting ho be the solution to — Aho + ho = with ho = 1 on d£l — which is consistent 
with the definition of h\ in (|1.27p — it is known (see Caffarelli- Friedman [CF] , the result 
in dimensions greater than two can be found in [KL] ) that in the case where Q is convex, 
ho is strictly convex hence achieves its minimum at a unique point xq G Moreover this 
minimum is nondegenerate: 

(1.31) min/io is achieved at a unique point xq and Q := D 2 ho(xo) is positive definite. 
For a family (u e , A e ), we denote 

(1-32) jsA-) ■= -4=j(u e ,A E ) (x + -==) 

V "-ex V V " , esc / 

their blown- up current, where in the right-hand side j(u £ ,A £ ) is implicitly extended by 
outside the domain Q. 
We have 

Theorem 4. Assume that f2 is convex, so that (|1.3ip is satisfied, and that 

hex = A | log e\ with X > Xq . 

Let (u £ ,A £ ) be a minimizer of G £ , and let j £tX be as in (jl.32p for x G oo\- Then, given 
1 < p < 2, there exists a probability measure P on Lf oc (M. 2 ,M?) such that the following hold: 

1. Up to extraction, for any bounded continuous function $ on L^ oc (M? ,M?) , we have 

(1.33) lim -L f <f>(j £}X )dx= f$(j)dP(j). 

Ma I Ju x J 

2. P '-almost every j minimizes W over A mx and 

(1.34) G £ (u £ ,A £ ) = G^° +h ex \oj x \(mmW + cst) + o(h cx ) as e -> 0, 
where G R is explicited in (|1.39p below. 
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We may informally describe : It is the minimum value for an obstacle problem similar 
to (|l,'27p . But whereas (|1.27|) is derived assuming the vortex energy is vr|log e|, to obtain 
we must use instead the more precise value tt| loge'|, where 




As e — > we have |log e\ ~ | logs'], but using | loge'| induces a correction which is not o(h ex ), 
hence is important to us. 

As we have seen in Section 11.21 W allows to distinguish between configurations of points 
since it distinguishes between lattices, and it is expected to favor the triangular lattice. The 
result of Theorem 2] can be informally understood as follows: if one chooses a point at random 
in uj\ and blows up at the scale l/\/h ex , then in the limit e — > 0, almost surely (with respect 
to the blow up center), one sees a minimizer of W. This derivation of this limiting energy 
W is, to our knowledge, the first rigorous justification of the Abrikosov triangular lattice in 
this regime: at least the triangular lattice is the best among lattice configurations, and it is 
conjectured to be a global minimizer (see Section [1.2p . 

In Theorem [5J below, we will give a more precise and a full T-convergence version of 
Theorem [H valid for the other regimes of applied field where vortex lattices are expected to 
arise. The latter result encompasses the regimes of Theorems 1.3, 1.4 and 1.5 in |SS4j and 
allows to reprove these results. 

Returning to the reference to the Theta function f)l . 13|) in Section II. 2\ it is striking to 
observe that the problem of minimizing the Theta function also arises in the context of 
Ginzburg-Landau, but in a very different regime: when h ex ~ H C2 or more precisely when 
^-ex = with b / 1. As seen in [SS21 IAS| this is a regime which is essentially linear (contrarily 
to the one we study here) and the energy minimization can be reduced to the minimization 
of a function on a finite dimensional space (the "lowest Landau level"- this is essentially the 
result of Abrikosov's original calculation). This function can be viewed as the linear analogue 
of W and reduces, in the case where the points are on a lattice, to the 6 function 6\ (and 
so again the optimal lattice is the triangular one). In that sense the limiting lattice energies 
for Ginzburg-Landau in the regime H Cl <C h ex <C H C2 and in the regime h ex ~ H C2 can be 
viewed as Mellin transforms of each other. 

We now go into more detail on the method of the proof of Theorem SJ It follows from a 
result of T-convergence, i.e. by showing a general lower bound for the energy and a matching 
upper bound via an explicit construction. Thus the minimality of (u e ,A e ) and the Euler- 
Lagrange equation it solves is not used per se. The proof of the lower bound involves three 
ingredients: an energy splitting, a blow-up, and the abstract method of Theorem O 



1.8 The energy splitting 

The first ingredient of the proof, detailed in Section [51 is a new algebraic splitting of the 
energy, which allows to isolate the constant leading order part from the next-order. 

First we define a mean field ho t£ similar to h ex h\, except that when computing it we take 
more precisely into account the cost of a vortex which is ir\ log e'\, where we recall e! = e\/h cx . 
Accordingly, assuming h cx < 1/e 2 , we let /io,e be the minimizer of 

(1.35) min - 1 log e' I / \ - Ah + h\ + - / |V/i| 2 + \h - h ex \ 2 . 

h-h e *EHi(n) 2 J n 2 J n 
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Thus /io,e/^cx solves (jl.27p . with A replaced by X £ = n^pr- 

This is equivalent (see [Br[ IBS] ) to saying that ho j£ /h ex minimizes the H 1 norm subject 
to the constraints ho t£ /h ex = 1 on <9$7 and 

ri o R \ h o,e . n I log e'\ . n 

(1.36) — > m , £ ■= 1 ^7 m 

In other words /io ]£ is the solution to an obstacle problem with constant obstacle. Letting 
then fiQ j£ = — A/io,e + ^o,e> we have 

(1.37) fj, , e = mo^h^l^, where w ,e = {x \ h , E (x) = h cx m 0t£ } . 
We define 

(1-38) Nq = f no 



2tt 



n 



The splitting function could be taken to be h,Q )£ in most regimes of applied field. Then one 
should define in Theorem [Has 

(1.39) Gf° := vrA^ol loge'| + ^\\h 0>e - h cx \\ 2 Hl(n) , 

where || • \\ H i denotes the Sobolev space norm (|| • ||? 2 + ||V • H^) 5 - 

However, when h ex — An|log e| <C | log e| - - i.e. when the number of vortices is small 
compared to h cx though divergent as e — > — then (|1.35p . which is a refinement of (|1.27p . 
must itself be refined to take into account the constraint that the vorticity is quantized. For 
the other regimes, the error made by ignoring this constraint is negligible in our analysis. 

More precisely, given N such that < N < ±h ex \Q\, we consider h £ n the minimizer of 

(1.40) min - / | Vh\ 2 + \h - h ex \ 2 , 

f n \Ah+h\=2TrN 



and we define 

(1.41) Gf :=iriV|loge / | + i||ft E)J >r-MHX(n)- 



Since h ex will be a given function of e, we denote the dependence of h £ ^N as of e instead of 
h ex . is minimal at N = Nq and we will see that h £: N = ho,e- 

The refinement with respect to (jl .35|) consists in taking N to be an integer, when iVo 
is not necessarily one. More precisely, N will be taken to be either N Q ~ , the largest integer 
< Nq, or Nq, the smallest integer > Nq. With that choice, we will sometimes call /i £i tv the 
"splitting function" . 

The leading order term in the energy is not exactly but rather min Ne ^ N - G^ . 
We may immediately check however that for N 6 {Nq , Nq}, as e — > 0, 

Gf -Gfo-i^lloge'l [ nx + t^f- I \Vh x \ 2 + \h x -l\ 2 
1 Jn z Jn 
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when h ex ~ A|log e| in the notation of Section [1.61 hence it recovers the leading order term 
of the minimal energy (|1.3Up . The difference between mm. Ne f N - N +y and is o(h ex ) 
hence it is negliglible for the precision of o(N) we want to achieve as soon as A > A^, but not 
always when A = Aq. 

h £t N is the solution to an obstacle problem and we have h £> N > rn £ ^h ex and — Ah £t N + 
h e ,N = ^ex m £,wl£Je jv where w £i tv = {h £) jsf = m £ ^h cx } is called the coincidence set, for 
some constant m £ ^ such that m £ ^ — > m\ as e — > 0. Note that w £j at will depend on the 
choice of N = Nq or but sometimes we will forget it and simply write co £ . We let 
fj, £> N = —Ah £: N + h £t N = hexiris^l^ N . It is a perturbation of n\ and u> £j tv a perturbation 
of oj\, defined in Section [L6l We have the relation 

(1.42) \Ue,N\ m e,Nh ex = / He,N = 27riV. 

Then we (temporarily) introduce Aq^ £ = V^/i^at. Letting (u, A) be a configuration of 
finite energy, we will write 

A 1>£ = A - A 0j£ = A- V^at, 

where Aq :£ = \7 ± h £j N is understood as the leading order term, and Ai j£ as a remainder term. 
The energy-splitting is the observation of the following identity (valid even if N is not an 
integer) : 

(1.43) 

f If fl — \u\ 2 ) 2 

G £ (u,A) = G? + / (h £tN -h ex )fi(u,A h£ ) + - / \V Al£ u\ 2 + \curlA lt£ -^ N \ 2 + ± — ' 

~Ce,N [ Me.AT-o / i 1 ~ \ u \ 2 )\^ h e,M 2 ' 

Jn 1 Jn 

where we recall (|1.24p . and c £j at is a constant explicited in ()5.3|) . The last term in (jl.43p can 
be shown to be negligible if G £ (u,A) is not too large. Thus the study of the energy near its 
minimum reduces to that of the remainder 



(1.44) F £ (n,A lj£ ) := J / |V Ale n| 2 + |curlA li£ -^ £iiV | 2 + ( '" " 
1 Jn 



2^2 



2e 2 



+ / (h £ ,N - hex)fl(u, A X , E ) ~ C £ ,JV / ^e,N- 

Jn Jn 



It turns out that when we make the right specific choice iV = iV or N = Nq (depending on 
(u e ,A e )), this expression simplifies and one has 



If fl — Id r f 

(1.45) F £ {u,A h£ )>- / |V Al , £ n| 2 + |curl^ 1 , £ -^, J v| 2 + ' 2 ' -/ ( £ fi(u, A h£ ) + o(l) 

where Q is a positive function, equal to its maximum ^| loge'| on lo £j n = Supp(^ £j Ar). It is 
this remainder F £ (with this choice of N) whose T-convergence we study. We will see through 
the upper bound construction that 

minF £ < Ch ex \u £ N\ 
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(this is equivalent to mini 7 !. < CN or < CNq from (|1.42fl ). and we will work in that class 
F £ (u, A\ t£ ) < CNq, thus reducing to a relatively narrow class of "almost minimizers" i.e. 
configurations whose leading order energy is the minimal one Gf°. Note that once we know 
that this remainder F £ is of lower order, this shows that the leading order component in 
A = V^hs^N+Ai^ is V^/i^jv (hi other words Ai )£ <C A),e) so also at leading order fi(u £ , A £ ) ~ 
He,n ~ [i\ and this allows to recover in essence the results of [SS4J Theorems 1.3, 1.4, 1.5 for 
all configurations in this almost minimizing class. 

The next step is to make the change of scales x' = \/h cx x in order to study (jl.44p . Under 
this rescaling, the inter-vortex distance becomes of order 1 (recall that the average vortex 
density is precisely m £t Nh ex l uj£ with m £ ^ — > m\ and (|1.28p ). After this change of scales the 
right-hand side of (|1.45|) becomes, in terms of n'(x') = u(x) and A'ix') = A{x) /\/h ex , and 

£&) = C(x), 

(1.46) 

F' £ (u',A') = \ f |V A m / | 2 + /i ex |curl^-m £ l^| 2 + (1 ~J^ |2)2 - f C(x') ^u' , A') + o(l) 
1 Jn' E 2e Jn' e 

where u' £ is the rescaled domain \/h cx uj £ ^ and we recall e 1 = £\/h cx . 

Combining all these elements, the conclusion of the splitting procedure, found in Section 

is 

Proposition 1.7. For any (u,A), there exists N G {Nq , N^} such that 

G £ (u,A)>G £ v + F' £ (u',A') + o{l) 

where F' £ is as in (|1.46p . u'(x') = u(x' /\/h ex ), A'(x') = A{x' /\/h cx ) and £' is a positive 
function, equal to its maximum ^| loge'| on uj' e . 

1.9 Full version of the main result 

We may now give the more complete version of Theorem H] and the stronger statement of 
T-convergence of jj(G £ (u, A) — G £ ). In all the paper, the weak convergence of probabilities 
will mean convergence against bounded continuous test-functions, see [Bi]. We will say that 
a probability measure is concentrated on a set if that set has probability 1. 

We consider configurations (u £ ,A £ ) and assume that \u £ \ < 1 everywhere together with 
the second Ginzburg-Landau equation, i.e. we assume 

(1.47) \u\ < 1 in n, -V^curlA = (iu, V A u) in n 

is satisfied. This is obviously true for minimizers and critical points of (|1.22|) . Moreover 
given (u, A), replacing u by u/\u\ wherever \u\ > 1 and replacing A by the minimizer of 
A i — y G £ (u,A), with u remaining fixed, decreases the energy without displacing the vortices, 
and the modified (u, A) verify (|1.47p . Since the change can only decrease the energy, our 
results allow to bound from below G £ (u £ , A £ ) for the original arbitrary (u, A). Thus, assuming 
(|1.47p is no loss of generality. Note that the only consequence of (|1.47p that we will really 
use is that div j(u, A) = 0. 

Note that when h ex — An | log e| = 0(log |log e|) we already know from [SS4j . Chap. 12, 
that the number of vortices remains bounded as e — > and we already characterized their 
limiting location. For h ex > the study of vortices involves an analysis quite different from 
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that used in the present paper, see |SS2|, \AS\ IFH2] . So we focus on the remaining regimes, 
namely 

(1.48) log | log e| <C h ex - An|log e\ and h ex <C 1/e 2 , 

and we have 

Theorem 5. Assume f2 is convex, hence satisfies (|l,3ip . Assume (|1.48p and n^^r -> A 6 
[An, +oo] as e — > 0. Xet any 1 < p < 2 6e chosen. 

1. Let (u e ,A £ ) satisfy (|1.47|) . and 

G £ (n £ ,^ £ )< min Gf + CW 
Ne{No,N+} 

for some C independent of e. Then there is a choice of N 6 {iVj~, ./Vq"} smc/i £/ia£ ; 
letting P £ be the probability measure on L^ oc (E? ,M. 2 ) defined as the push-forward of the 
normalized uniform measure on oo £) n by the map x i— > J £jZ f c/. ()1.32p j ; as e — > f/ie 
measures {P e }e converge up to extraction to a probability measure P on L^ oc (M. 2 ,M?) 
which is invariant under the action of translations, concentrated on A mx (tti\ as in 
(fL28l ) and 

(1.49) G £ (u £ , A e ) > min G? + N ( — [ Wu(j) dP(j) + 7 + o(l)) , 

Ne{N ( -,N+} \m x J J 

where 7 is defined in (jl.52p . and Wjj ^s computed according to (jl.8p relatively to any 
family of sets satisfying (|1.4p - (|1.5p . 

In the case h ex < for some (3 > small enough, then 

(1.50) \\/jl(u £ ,A £ ) - VeMlw-^in) < C p Vn. 

2. For any probability P on L^ oc (M 2 ,R 2 ) which is invariant under the action of translations 
and concentrated on A mx and for every N 6 {Nq ,Nq}, there exists (u £ ,A £ ) such that, 
letting P £ be the push-forward of the normalized Lebesgue measure on uj £) m by the map 

x 1 y } j(u £ ,A £ ) ( x + -75= ) , we have as e — > 0, P £ — > P and 

(1.51) G £ (u £ ,A £ )<G? + n(^-J W K {j)dP(j)+ 1 + o(l)Y 

where Wk is the renormalized energy relative to the family of squares {Kr}r, where 
K R = [-R/2,R/2] 2 , as defined in (Oil . 



3. If we assume that (u £ ,A £ ) minimizes G £ then it satisfies all the assumptions of item 1), 
P -almost every j minimizes W over A mx , and there is equality in (jl.49p . 

Remark 1.8. - The constant 7 in (|1.49p and (|1.5ip was introduced in JBBH] and may 
be defined by 

(1.52) 7 =lim(~/ |Vno| 2 + (1 ~^ o|2)2 -vrlog^V 



R— >oo V 2 



where uo(r, 9) = f{r)e ld is the unique (up to translation and rotation) radially symmetric 
degree-one vortex (see JEER. IM]/). 
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- There exists {(u £ ,A £ )} £ satisfying (|1.5ip for any N such that 1 <C N < e |i see 
Theorem [?] in Section [?| 

- As we already mentioned in Section \1.8l this theorem allows to retrieve the results of 
[SS41, but it gives a stronger result: in jSS^ we establish the leading order behaviour of 
the vorticity for minimizers: n(u £ ,A £ ) ~ h ex [i\ ~ fJ- £ ,N, while here (|1,5U[) gives (at least 
for small enough applied fields) for the whole class of "almost minimizers" the order of 
the fluctuations of the vorticity around the constant density ^ £: n : it is of order y/~N, 
hence in particular the number of vortices is N with an error of order y/N. 

- For energy minimizers it is possible to deduce from this result that N, now being defined 
as the total degree of the vortices, satisfies = min/vg^ + o(N). On the other 
hand mirijveN is achieved at Nq or Nq. From examining carefully the variations of 
N 1 — y G^ one should be able to deduce that N = Nq or Nq with a smaller error than 
previously (at least for h ex < H Cl +0(y / |log e\) we expect this error to be 0), see Remark 
\6. l\ for more details. So we expect, for small enough fields, to be able to estimate exactly 
the total degree of the vortices of a minimizer, and for larger fields, to estimate it with 
an error which is at least better than s/~N . 



1.10 Use of the ergodic theorem for Ginzburg-Landau 

As announced, the method consists in applying the framework of Section [1 .31 to the Ginzburg- 
Landau energy. 

We sketch the method in the case /i ex = A|log e\, An < A < +00. The case of higher fields 
h ex S> I log e\ will reduce to this one by scaling. 

Let (u e ,A e ) — or (u' e ,A' e ) in rescaled coordinates — denote a minimizer of G £ and let 
H £ = n(u' £ ,A' E ). The splitting result of Section [L~8l combined with the blow up procedure 
reduces us (cf. Proposition I1.7P to bounding from below F' £ (u' £ , A' £ ). 

Thus we are in the setting of Example [2] in Section II. 3\ i.e. the case where we want to 
bound from below the average over large domains uj' £ of some energy density e £ . Here the 
energy density is of the form 

1 (1 - Inl 2 ) 2 f 
e £ (u,A) = -\V A u\ 2 + h ex \cuvlA - ml^| + ^2 / C'd^(u : A). 

From the Jacobian estimate fj! E is well approximated by v £ = 2ir Y^i di5 ai (where a% denotes 
the vortex center and di its degree) and we should have aj G co' £ . Using in addition that 
C' = || logs' I there, we may thus formally replace the energy-density above by 

1 (1 - Inl 2 ) 2 
e £ (u,A) = -\V A u\ 2 + h cx \curlA - ml^J 2 H — 2 |log e\ dj5 a . . 

i 

To apply the framework of Section 11.31 we need to check the coercivity and r-liminf 
properties of f £ (u, A) = J e £ (u, A) \ for a cut-off function % as i n t ne example of Section [L3l 
But the framework also requires that f £ be nonnegative (or bounded below by a constant will 
do) but this is obviously not the case, and one of the major difficulties of our analysis consists 
in getting around this problem. This part of the analysis was carried out in our companion 
paper |SS3] . where we introduced a method that consists in displacing the negative part of e £ 
so as to absorb it into the positive part and to obtain a density bounded below, called g £ . We 
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show there that e £ can be replaced by g £ > —C with making only a small error (in average at 
the small scale). Note that since we are dealing with cancelling leading order terms, we need 
very precise estimates of the free-energy f £ , in fact we need to make errors which are at most 
o(l) per vortex (the total acceptable error is o(N)). Hence in |SS3| we need refined estimates 
in the "ball construction methods" which are devised to obtain general lower bounds for the 
energy of the vortices even when their number is unbounded. We also show in [SS3j the 
crucial fact that g £ controls the number of vortices. 

Returning to the question of proving the coercivity of f £ , we may now heuristically replace 
e £ by g £ , and the coercivity requires proving 11.151 which in our case becomes 

Vi? > 0, limsup / g £ (x * 1b r ) < °° =^ (u £ , A £ ) compact. 

e^O J 

This is satisfied thanks to the fact that g £ controls the number of vortices, in other words we 
have roughly 

Vi? > 0, limsup / g £ (x * 1b r ) < 00 => V] \di\ < C R . 

To prove the T-liminf relation on f £ , we may reduce to that setting, i.e. that where the number 
of vortices is bounded independently of e on the compact support of x- I* 1 that setting, it 
is now standard to retrieve very precise estimates for the Ginzburg-Landau energy, using an 
analysis of the type of [BBHJ. This way, we obtain the precise r-liminf for f £ and can show 
it can be expressed as a function of j (limit of j(u' £ ,A' e ) and is equal (up to a constant) to 
f(j) = W(j,x)- But then, using the definition (jl.20p . the "cell-energy" is 



lim / W(j(X + -),x)d\. 



One may immediately check, using Fubini, that this is equal to limR_s. +00 ^j^W(j, x * lu fl )) 
which is in turn clearly equal to Wjj(j) (cf. (|1.8p and the first item in Theorem [1]). Combining 
all these elements, the result of Theorem [3] yields 

hminf^ 1|V^<| 2 + ftexlcurl^ - ml,, |+ (1 ~ J C^«,4) > j W(j)dP(j), 

which is essentially the desired lower bound. 

The rigorous proof of this is detailed in Section 



1.11 Plan of the paper 

The paper contains two parts. The first part is completely independent of the Ginzburg- 
Landau energy and can thus be read independently. It starts in Section [2] with the proof 
of Theorem [3l In Section [3l we prove Theorem [2] i.e. that W is minimized among lattice 
configurations by the triangular lattice. In Section SI we study W more generally, and prove 
Theorem [TJ 

The second part is about the application of the tools of the first part to the Ginzburg- 
Landau energy and the derivation of W as its T-limit. In Section [5l we prove the new 
energy-splitting formula, in the same section we recall or prove some results on the splitting 
function that will be needed in the sequel and we also derive simple a priori bounds for energy- 
minimizers. In Section [6j we show how to apply the abstract framework of Section fl. 31 in the 
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specific case of the Ginzburg-Landau energy, and this way we obtain the main energy lower 
bound, and prove Theorems U] and assuming the upper bound, which is proven in Section [71 
This requires the improved lower bounds for the energy of vortices borrowed from [SS3]. In 
Section [7J we prove the matching upper bound for the energy via an explicit construction, 
using the periodic minimizing sequence found in Theorem [TJ 

In the Appendix, we prove some additional qualitative results on the solutions to the 
obstacle problem which can be of independent interest, in particular estimates when the size 
of the coincidence set is small, which are needed in the regime h ex — H Cl <C |log e|. 
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acknowledge the financial support of the National Science Foundation, an EURYI award (SS), 
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Part I 

The renormalized energy 

2 Proof of Theorem [3] 

Before giving the proof of the theorem, we state a preliminary lemma. 

Lemma 2.1. (E. Lesigne) Assume P n are Borel probability measures on a Polish metric 
space X and that for any 5 > there exists {K n } n such that P n (K n ) > 1 — 5 for every n and 
such that if {x n } n satisfies for every n that x n G K n , then any subsequence of {x n } n admits 
a convergent subsequence (note that we do not assume K n to be compact). 

Then {P n } n admits a subsequence which converges tightly, i.e. converges weakly to a 
probability measure P. 

Proof. From Prohorov's Theorem, it suffices to show that the sequence of measures is tight. 
As a finite Borel measure on a Polish space, the measure P n is regular |Goj . thus there is a 
compact subset K' n C K n such that P n (K' n ) > 1 — 26. Then, letting 



K = {jK' n , 

n 

we have P n (K) > 1 — 26 for every n and the assumption made on {K n } n implies that K is 
compact. Indeed, a sequence in K is either included in a finite union of the compact sets K n 
(then is compact) or has a subsequence which can be relabelled (x n ) and satisfied x' n € K' n 
along a subsequence n', hence compact by assumption. Therefore {P n } n is tight. □ 

We now start proving the theorem. First we choose a sequence {e n }n tending to such 
that 

lim F En (u £n ) = lim inf F e (u £ ). 

n— y+oo £— 5>0 
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In this proof, e will always be assumed to belong to this sequence, and lim^o will mean the 
limit along this sequence. 

Recall that P £ is the image of the normalized Lebesgue measure restricted to uj £ under 
the map A i— > Q\u e . In particular for any positive measurable function ^onl 

(2.1) I <5>(u)dP £ (u) = I $(9 x u £ )dX. 

J Ju E 

Step 1: {P £ } £ is tight. Letting ui £ ^ R = {x G oj £ | dist (x,dco £ ) > R} we have 



/ / fe{0\+^u £ )d\d^= \ \ l UeR {X)l BR {^)fe{0\ + ^u £ )d\diJ, 
(2-2) = f l^ R *l BR (X)f £ (e x u £ )d\ 

< \B R \ [ fe{O x u £ )d\<C\B R \\u £ \. 
Let us denote Y £ ^ R the image of oj £ , r by A h- > 6\u e , and 

X e RK = |n G X I £ f £ (6 x u) dX > #J . 



The left-hand side in ([22]) is larger than K\B R \ \u £ \P £ [X e RK n Y E>R ) . In addition P £ (X £ RK ) > 
P £ (X RK n Y £:R ) - P £ (Y £ C R ) > P £ (x RK n Y £tR ) - ^T^, so we deduce from that 



K \oj £ \ 

From (|1.14p and for any 5 > 0, there exists a subsequence {e n } n such that 
and then 

Now we have that the hypotheses of Lemma 12.11 are satisfied. Indeed, letting K n be the 
complement of W^ =1 X^ n 2k , s , we have P £n (K n ) > 1 — CS. Moreover, if u n G K n for every n 
then \/R > 0, Vn > R we have u n ^ ^/j™ 2 B /(5' *' e ' 

/ / £n (^n)dA<^. 

Then, from the coercivity assumption, a subsequence of {u n } converges. 

Applying Lemma f2.1l we can conclude that {P £n } is tight and then that a subsequence 
converges weakly to a probability measure P. □ 
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Step 2: P is 9-invariant. Let 3> be bounded continuous on X. Then from the definition of 

dP(u) = lim / $(u) c£P e (u) = lim -/ $(6> A u e ) dA. 



Pe, 



Moreover, 



f $(e x u £ )dx- [ $(e x+Xo u £ ) d\ = [ $(0 x u £ )d\- [ $(e x u £ )d\. 



Thus, 



I <s>(e x u £ )d\--f ®(e x+Xo u e )dA 



< jojg A (u E + Ap)| 



where A denotes the symmetric difference between sets, and follows from (|1.14p that \uj £ A 
(w e + Ao)| = o(|w e |) as e — > 0. We deduce that 

J $(u)dP(u) = Vmf $(0 x+Xo u £ )d\ = J ${e Xo u)dP(u), 

hence P is invariant under the action 6. □ 
We state the proof of (fTTHjl lemma. 

Lemma 2.2. Assume that X is a Polish metric space, that {P e }e>o> P are Borel probability 
measures on X such that P £ — > P as e — > 0, and that {/ £ } £ >o and f are positive measurable 
functions on X such that liminf e _-.o fe(x £ ) > f{x) whenever x £ —> x. 
Then, 



(2.3) limmf J f £ dP £ > J f dP. 

This is jnSJ since / f £ dP £ = £ £ f £ {9 x u) dX. 
Proof of the Lemma. It suffices to show that for any A, 5 > 0, we have 

(2.4) liminf P £ ({f £ > A - 5}) > P({f > A}). 

e->0 

Indeed, using the standard expression for the integral of a positive function / 

f{x)dn{x) = J //.({/ > A}) dX, 
we find by applying it to f £ and P £J and then to / and P, in view of (|2.4p that 

/POO 
f £ {u)dP £ {u) = liminf / P £ ({f £ >X})dX 
Jo 

roc 

> / liminf P £ ({/ £ > A}) dA 
Jo 

roc 

> / P({f > X + 8}) dX 
Jo 

roc 

> / P({f > A}) dX - 5 
Jo 

f(u) dP(u) - 5, 



24 



where we have used Fatou's lemma, and the fact that P is a probability measure. Since this 
is true for any 5 > 0, we have (|2.3|) . 

We prove ()2.4p . For any 5 > and u £ X we claim that there exists an open neighborhood 
V u of u and rj > such that, 

(2.5) Ve < rj,\/v £ V u , f e (v) > F(u) - 5. 

Indeed, assume this were wrong, then there would exist 5 > and u G X together with 
a sequence {e} tending to and a corresponding sequence {u e } e tending to u such that 
fe(u £ ) < f(u) — 5, thus contradicting the T-liminf assumption. Hence (|2.5[) holds. 

We denote by V v the set of u's such that f £ (v) > F(u) — 5 holds on V u for every e < rj. 
Clearly, {V,,}^ is decreasing and from the above D v> oV v = X. Thus, if we let for some A > 

E = {u G X | f(u) > A}, E v = Er\V v , 

then {E^}^ is decreasing and E = U^E^. Moreover, from the definition of V v , we have f e > 
A — 5 on the open set O r] = U u6 g K, for every e < rj. 
It follows that for any e < rj, 

(2.6) P s ({f £ >\-S})>P £ (O v ). 
Then, since P £ — > P and since O v is open and contains E„, we have 

liminf P £ {O v ) > P(O v ) > P(E V ). 

It then follows from (12.61) that 



liminfP e ({/ £ >A-«5})>P(^). 

£->0 



Since E v E as r] \j we deduce by monotone convergence that (|2.4p holds. □ 

S'iep ^: Proof of (|1.19j) . Since P is invariant w.r.t. the action 0, we may apply the ergodic 
theorem as stated in [Bei to obtain that 



E p (/(u)) = E p (/»), 
where /* is ^-invariant and P-a.e. equal to 



(2.7) lim / f{6 x u) 



dX. 

Br 

It is also true (see |Bej ) that this limit exists for P-a.e. u, and that balls may be replaced by 
any Vitali family satisfying (|1.4p . This proves f)1.19|) . 

□ 

Remark 2.3. 

1. The lower bound of Theorem^ implies in particular that liminf e _>o F £ (u £ ) > min/* 
where f* is given by f|2.7[) . If we assume in addition that for some family there is 
equality i.e. that limsup e _ > .o F £ (u e ) < min/*, then comparing with the lower bound 
obtained in Theorem^ we deduce that we have 

f*(u) = minf* for P — a.e.u. 
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2. We may apply the same reasoning as Theorem\^in B(x £ , R) instead of uj £ , with R large, 
to the functional § B t x R \ fe(&\u) dX, and we will obtain 

lim inf / fe(0 X u E ) dX > min /* + o R (l) 

JB(x e ,R) 

where or(1) — > as R —> oo (the or(1) is due to near boundary errors). If in addition 
we know that for some x £ , 

(2.8) limsup/ fe(0\u)d\< min f* + o R (l) 

e^O JB(x e ,R) 

we deduce 

(2.9) lim lim-/ fe{0\U e ) dX = min /*. 

But if we assume limsup^Q F £ (u £ ) < min/* ; by a Fubini argument (|2.8p holds for 
most x £ 6 uj £ , so the local estimate (j2.9|) too. This says that when the upper and lower 
bounds match, the energy density is essentially uniformly distributed, at any scale S> 1. 

3 Minimization of W in the periodic case : optimality of the 
triangular lattice 

3.1 Calculation of W in the periodic case 

In this section we study the minimization of the renormalized energy W(J) among lattices in 
the following sense: We assume that A = Zu + Zt/, where the vectors (u, v) form a basis of 
R 2 , that j is invariant w.r.t. translations by the vectors u, v and 

curl j = 2ir 6 p — 1, div j = 0. 

It is not difficult to check that there exists such a current j if and only if det(u, v) = 2n. We 
will denote T A the torus T A = R 2 /A. We have 

Proposition 3.1. Assume A = %u + TLv and j are as above. Then, letting {Ur} be any 
family satisfying (jl.4[) . (|1.5p . defining Wjj(j) as in ()1.8p we have 

(3.1) Wu(j) = limj- I 1 - [ |j| 2 + 7rlogr/) . 

Moreover, letting H\ be the unique solution (with mean zero) on Ta to 

(3.2) - AH A = 2tt5 - 1, 
and denoting 

(3.3) JK = ~y L H K 
we have that j — j\ is a constant and 

Wu(j) > Wu(j A ) 

with equality if and only if j = j'a • 
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We will denote Wu{jh) simply W(A): it is the minimum of Wu(j) among A-periodic 
configurations, and using (|3.ip it is given by 



W(A) = lim — ( - ! 

^ 1 r,->0 27T \ 2J T 



|VifA| 2 + ^logr? 



T A \B(0,r,) 

Proof. Since curl (j — j\) = div (J — j'a) = and j, j'a are periodic, we have that j — j\ is 
constant. We now prove (|3.ip . Let us denote by K, the set of cells K of the form {tu + sv, £ 6 
(/ — + ^),s 6 (m — 2i m + 2)}' wnere l,m £ 1*. For K £ )C, let Cif be the center of the 
cell. The cells of fC tile M 2 , hence for every R > 0, writing XR for Xu fl > 

W"C7,xk) = y2 o / |i| 2 XR + 7i"Xii(ci<r)log7?. 

There are only finitely many K's on which x.R is not identically zero, thus we may write 

W(j,XR) = ^2 w kU,Xr) 



where 



w K (j,XR) = lim ~ / |i| 2 X J R + 7TX J R(cA')log7?. 

^ JK\B{c K ,ri) 



Then, if x/? = 1 on K, we have (by periodicity of j) 



(3.4) 



wk{j,Xr) = lim / 



|j| 2 +vrlogr/. 



v\B(0,r?) 

On the other hand, there exists C > such that, 

(3.5) VR>0,VK€K, |tex-0',X*)l<C- 

Indeed, j = est — V ± Ha with H^{x) = — log \x\ + U(x) where U is a C 2 function, so for any 
r > 0, we have 



£(r) 



1 



|j'| 2 < C + vrlog 



T A \B(0,r) 

From this we deduce first, by letting r = 77, that 



|i| 2 X-R(0) +vrxii(0) log 77 



T A \B(0,?7) 



and second, that, since |Vxi?| < C> for any < 77 < t-q, 



<C, 



B{0,r )\B(0, V ) 



1 Ur-xr(0)) 



< C I \j\-\.r 
B(0,r )\B(p,rj) 



fro 

-C j E'{t)tdt 
C (^E(r )r - E(rj)ri + J ° E[r) dr^j < C. 
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Adding the two proves (|3.5p . To conclude, we note that by definition of xr an d (|1.5p 

#{K G 1C\ X R = 1 on K} J^l 
#{K G K\xr £ and X R & 1 on if} = o(\U R \) as R ^ +oo. 

Together with (pO ]) - (j33]l this yields 

^(j,Xfl) = ^lim / \j\ 2 + 7T log 77 + o(|Ufl|). 

Combining with fjl.SJt . we deduce (|3.ip . It remains to show that Wjj(j) > Wjj{j\) with 
equality iff j = j\. Since j = j\ + c, using (|3.ip . we have 



4xWu{j) = hm / 



\3a\ 2 + |c| + 2c • ja + ^logr? = 4tirWu(jA) + |Ta|c 2 

A\S(0,r?) 

since J* T c • j'a = — c ■ J* T X7 ± H\ = 0. The result follows. □ 

We next express W(A) as a series using the Fourier decomposition of H\. 
Lemma 3.2. For all A G £ u>e Ziaue 

\ P eA*\{0} in 

where A* denotes the lattice dual to A. 
Proof. Integrating by parts and using (|3.2[) we find 

1 f lvvrr |2 , iff TT dH A 



(3.7) -/ |VflAr + 7rbgr; = - / H A —^- Ha ] + vr log rj. 

1 JT A \B(0,i)) 2 \Jd(B(0,n)) av JT A \-B(0,r)) / 

But J Ta i^A = and H A (x) + log |x| is a C 1 function in a neighbourhood of 0, thus passing 
to the limit 77 — >- above we find 

(3.8) W{A) = -lim(H A (x) + log\x\). 
Using the following normalisation of the Fourier transform 

f(y)= [ f(x)e- 2l ™-ydx, 
since — A^a = 27r X^peA $p ~ 1 m ^ 2 ana - -^A has zero mean we have 

|y| pga*\{0} 

where A* is the dual lattice of A, i.e. the set of vectors q such that p ■ q G 7L for every p G A. 
By Fourier inversion formula, we obtain the expression of H\ in Fourier series: 



(3.9) H A (x)= 



P eA*\{0} w 

and the result follows from (13.811. □ 
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We may now prove Lemma 11.31 For the more general periodic situation of Lemma 11.31 
where A is assumed to be merely (u,v) periodic instead of being itself a lattice, and j is 
also (u, v) periodic with curlj = 27r^ pgA 5 p — n, we observe that Proposition 13.11 can be 
adapted with identical proofs. In this case, denoting by the quotient R 2 /(Z/u + %v), 

the configuration A may be seen as a finite family of points (oi, . . . ,a n ) in T^ ^, and the 
statements of Proposition 13.11 remain true, replacing Ta by Tm^\, replacing Ta \ B(0,rj) 
by ^(u,v) \ UiB(ai,7]) and replacing -AH A = 2ir5 - 1 by -AiT{ ai} = 27rX^=i S ai ~ n > in 
particular Wu{j{ ai }) = ^ W (j{ai}Ar (Uiir) )- Moreover, writing j {a . } as -V ± H {cii} and using 
the translation invariance of the equation, we have 

n 

H {a l }i x ) = ^G{x-ai) 
1=1 

where G is the solution to — AG(x) = 2ir5o — 1 on the torus T«a. We may also define 
R(x) = G(x) + log \x\, which is known to be a continuous function. Next, integrating by parts 
exactly as in (|3.7p - (|3.8p . we easily find that 



W(j{a i} ) = \ ( E G ^ ~ ^ + E 



i.e. we deduce the result of Lemma [L3l 

Note that we may also compute W in Fourier series just as above and we find ([l.lip i.e. 

1 e 2vK P -{. ai - aj ) n ( e ^vx 

W(3{a i} ) = ^ E 47T 2 ]pl 2 +2^0 E 4^ +1 ° gN 

ift pd(Zu+Zv)*\{Q} \p&(Zu+Zv)*\{0} 

which is formula (jl.lip . 

This may also be rewritten in the form 

w U{ai}) = 2 E ^KJfwCo* - Oj) + nVF(Zn + Zw) 

where H^u+Zv is as in (|3,2p or (|3.9p and W '(Zu + Zv) as in (j3.8|) . This way W is expressed as a 
sum of the form Yli^j f( a i ~ a j)- Note that the series defining H^u+zn is an Eisenstein series 
and can thus be expressed in terms of the Dedekind eta function via the "second Kronecker 
limit formula" as in the proof of Lemma 13.31 below, see also [BoSj for more computations. 

3.2 Proof of Theorem H 

First, from f)l . 12|) we may consider only the case m = 1. Thus the lattice A is in £ iff 
its fundamental cell has area 2tt. We return to the expression (|3.6[) for W(A), and, using 
standard functions and formulas from number theory, give a closed form for it in terms of the 
Dedekind eta function. One can also view the series expression of W(A) as a regularization, 
or renormalization, of the divergent series 



P eA*\{0} w\ 
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We also show that modulo a constant independent of A, this particular regularization is equal 
to the regularization which uses the Zeta functions 



Ca* 0*0 = Y] rin 



i7r 2\p\2+x ' 

P eA*\{0} 

for which the minimizers w.r.t. A are known. Both results are the object of the following 
lemmas: 

Lemma 3.3. We have 

(3.10) W(A) = -ilog(^|r ? (r)| 2 ) 

with r] the Dedekind eta function, where the dual lattice A* to A has, up to rotation, a funda- 
mental cell given by the vectors -7= (1,0) and -^=.(a,b), and r denotes a + ib. 

Proof. We may parametrize A* as { -j= = (mr + n), (m,n) G Z 2 }. Then for x = (x\,X2) we 
have 



2lnp ' x 1 ^ ^^( m ( aXl+ bx 2 )+nx 1 ) b 

47T 2 |p| 2 2ir t— 1 \mr + n\ 2 



pSA*\{0} (m,n)eZ 2 \{0} 



One can recognize that this is an Eisenstein series i.e. of the form 

E U)V (t)= Y e ^(mu+nv) b 

(m,n)eZ 2 \{0} 1 1 

with t = a + ib, u = } , (ax-i + bxo) and v = / x\ . But the "second Kronecker limit 
formula" (see [Lai]) states that 

E U;V (t) = -2n\og\f{u-VT,T)q v2 l 2 \ 

where 

f(z,r) := q l l l2 {p l l 2 -p- 1 ' 2 ) J](l " q»(l ~ q n /p) 

n>l 

with q = e 2t7TT , p = e 2lnz . Here z = u — vt = \J~^{x2 — ix\). As x — > 0, we have p — > 1, and 
then the expression above can be expressed in terms of the Dedekind eta function 



V(r) :=q 1/2A Y[{l-q n ). 

n>l 

Inserting all the above in (|3.1ip we obtain that as |x| — > 0, 

Att 2 \v\ 2 



^2inp-x 

P eA*\{0} 



and combining with (|3.6[) we find the result (|3. 1Q[) . □ 
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Lemma 3.4. There exists CsK such that for any A £ C we have 



W(K) = C+ lim ((A* (x) - [ — -4 



Two proofs can be given for this : one, which we give in the following subsection below, 
uses standard analysis methods. The other uses the closed form (|3.10p and the fact that the 
Dedekind eta function is in turn related to the Epstein zeta function 

Z(rs)- V ¥ _ 1 _L 



\rriT + n\ 2s (2tt) s ^— ' 

(m,n)£Z 2 \0 pe-^i— (Z+rZ)\0 



via the "first Kronecker limit formula" 

Z(t, s) = + 2vr( 7 o - log 2 - log(V6|77(r)| 2 )) + 0(s - 1) as s 1, 

s — 1 

where 70 is this time the Euler constant. Putting these pieces together correctly yields a proof 
of Lemma 13.41 

Then, in order to minimize W(A) over C, i.e. over lattices under the constraint |Ta| = 2tt, 
one is reduced to the question of minimizing Ca*(^)- It is proven in [Mont J that 

2 1+ f87r 2 r(l + x/2) A , . 2 1 . . 1W _„ /2 i +cc / 2 sda 

where 

(3.12) A ( a ) = ^ e -™H 2 

is the Jacobi Theta function and T is the Gamma function. Moreover, from [Cast IRan} lEnlt 
IDH IMont] and modulo rotation, the minimum of 8 over C* is uniquely achieved by (Ao)*, 
where A = a (Z(l, 0) + Z (l/2, >/3/2)) and the factor q is chosen such that |Ta | = 2tt. But, 
from the above formula, 

( 3 - 13 ) 2l+ "%yLi2 X/2) ^^ ~ Ca S (-)) = /"(Ma) - 6 K (a))(a-^ + a^/ 2 )^. 

In view of f)3. 12j) the integrand in (|3.13p is dominated by an integrable function independently 
of x. Hence, letting x tend to 0, Lebesgue's dominated convergence theorem yields 

87rr(l)lim CA*(x)-CA S (x)= / (M<0 - ^A S (a))(l + a) —. 

x->0 Jl a 

Hence, using Lemma 13.41 we have 

f°° da 
87rr(l)(W(A)-PF(A ))= / (9 A *(a) - 9 A «(a))(l + a) —. 

We deduce that W(A) > W(A.q) for any A, with equality if and only if 6 a* (a) = 0\*(a) for 
almost every a, i.e. if, modulo rotations, A = Aq. This proves Theorem [2j 
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Analytic proof of Lemma 13.41 

Denoting by Go the unique solution of — AGo + Go = 2it5q in M 2 , we may write 

H A (x) + log \x\ = U A + (G (x) + log \x\) , 

where U\ = H\ — Go and Go(x) + log \ x\ are G 1 near the origin. Taking limits, we obtain 
from d3HD 

W(A) = 70 + ^a(O), 

where 70 = \ lim^^o {Gq{x) + log \x\). Denote by (f(x) = (27r)~ 1 e~l x l 2//2 the Gaussian dis- 
tribution in M 2 and for any n G N let ip n (x) = n 2 ip(nx), so that {ip n }n is an approximate 
identity. We have (p n {y) = e - '^ l 2n . Then, since U\ is continuous at and bounded in M. 2 , 
we have 

Ua(0) = lim w(n,A), where w(n, A) = / ip n (x)U A {x)dx = \ ip n (y)U A (y) dy. 

™-^+ 00 7R2 J R 2 

Also, it is standard that Go = 27r/(l + 47r 2 |y| 2 ). Then, since Ua = H A — Go, we get 

e -H 2 /2n 2 r e -|j/| 2 /2n 2 

win. A) = > , n , , n 2-7T / n , ,„ tfa/. 

^ 4vr 2 |p| 2 V 1 + 47r 2 |y| 2 y 



P eA*\{0} 

Note that |Ta*| = 1/|Ta| _1 = 1/2-k, which accounts for the factor 2ir in front of the integral. 

The second step is to show that 
(3.14) 

1 f 2"7T 

^ w(n, A) = lim v(x, A), where v(x, A) = JT^ ^-^^ - ^ x + 47r%|2+z cfo. 
First we truncate t«(n, A) and A), letting for each N G N 

e -|p| 2 /2n 2 ,. e _| y |2/ 2n 2 

w iV (n,A)= V -2tt / n , , 21 12 ^(n,A) = w(n, A) - u^n, A), 

pe F\ {0} 47r W 2 Jb(q,n) l + 4vr 2 |y| 2 

|p|<tv 

and defining similarly u-"(x,A), v N (x, A). It is clear that for any N 

(3.15) lim w N (n,A) = IimtA(x,A) = V - 2ir [ - dy. 



Then we claim that 



P eA*\{0} 

\p\<N 



(3.16) lim lim w (n,A)= lim lim v (x,A) = 0, 

JV— >+oo n— s>+oo N— >+oo x— >0 

which together with f)3. 15|) clearly implies (|3.14p . To prove (|3.16|) . for any p G A* we let K p 
be the Voronoi cell centered at p, i.e. the set of points in M 2 which are closer to p than to 
any other point of A* . Then 

, g-HW -|y| 2 /2n 2 

(3 - 17) ^KA)= £ t ^^- l + 4 7 r 2 M 2 ^ + ^ (JV ' n ' A) ' 

|p|>JV 
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where 

/ _ r e -\y\ 2 /zn 2 f e -\y\ 2 /2n 2 \ 
6(N, n, A) = 2tt V / — „ dy - V / dy . 

We can bound \5\ by the integral of (1 + 4-7r 2 |y| 2 ) -1 over those cells which intersect both 
B(0, N) and its complement, the union of which is included in B(0, N + C\) \ -8(0, N — C\). 
Thus we have for every A 

(3.18) lim lim S(N,n,A) = 0. 

N— >+oo n— s>+oo 

Then we consider the sum in (|3.17p . If \p\ > n 2 it is straightforward to bound the contribution 
of K p , which we denote M p , by Cac - ^/ 2 /\p\ 2 , and from there to deduce 

(3.19) lim lim V |MJ = 0. 

Af-S>+oo n->+oo t—' y[ 
p£A*\{0} 
|p|>n 2 

If \p\ < re 2 , we use the fact that the gradient of bounded by C/n on IR 2 , and 

that e-IPl 2 / 2 " 2 < 1 to write 



\M P \ < 



I _J 1 , Cf dy 

J K 4n 2 \p\ 2 l + 4vr 2 |y| 2 27 + n J K 1 + ^ 2 \y\ 2 ' 



The sum w.r.t p E A* of the first term on the right-hand side is convergent, therefore the sum 
w.r.t p £ A*, n 2 > \p\ > N tends to as N — > +oo, uniformly in re. For the second term, the 
corresponding sum may be compared with the integral 

°2„ I * 



n JN<\y\<n 2 1 + 4vr 2 |y| 2 ' 
which is O (log re/re) asn-> +oo. Therefore 

lim lim \MJ = 0. 

N^r+oo n->+oo 

peA*\{0} 
n 2 >\p\>N 

Together with (|3.19p and (|3.18|) . this proves that lim7v-s>+oo hm n -s>+oo w N (n, A) = 0. The 
proof that lim.2v->+oo limz-^o v N (x, A) = is similar, we omit it. Then (|3.16|) holds, which 
proves (|3.14p and the lemma. 

4 The renormalized energy in the general case: proof of The- 
orem [I] 

In this section we prove Theorem [TJ We recall that we can reduce by scaling to studying the 
case of A m = A\ i.e. where (see Definition II. ip 

(4.1) curl j = v — 1 div j = 0, 
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where v = 2vr^ pgA 5 p is such that { ~m~r }r is bounded. For convenience, once the class A\ 
has been chosen, if p < 2 we may extend the definition of Wjj to all j E L^ oc (M? ,M?) by letting 

Wu{j) = +<x \ijiAi. 

We now assume W has been likewise extended for a certain 1 < p < 2. In what follows we 
will show that the minimizers and the minimum of Wjj do not depend on U. However Wjj 
itself does. When a statement is independent of U, we will sometimes write W instead of 

One of the difficulties about W is that it is not lower semi-continuous. Here is a hint 
as to why: consider a set of points A n which is equal to the square lattice (of density 1) in 
the ball B n and to the triangular lattice (of density 1) outside B n . Let j n be corresponding 
vector fields. Then, since W is insensitive to compact perturbations, we have for every n, in 
informal notation, W(j n ) = W (triangular). On the other hand, as n — > oo, j n — > jgquare by 
construction. So if W was lower semi-continuous, we should have W(square) < W (triangular), 
which is false by Theorem [2j 

However, we will show that W is lower semi-continuous "up to translations". 

We split the results into several propositions: 

Proposition 4.1. Let U refer to any family {Ur} satisfying Q1.4]) . (|1.5p . Let 1 < p < 2. We 

have: 

- The value ofWu(j) is independent of the choice of cutoff functions {xu r }r satisfying 

- Wu : Lf oc (M 2 ,lR 2 ) -^EU{+oo} is a Borel function. 

- The sublevel sets {j,Wjj(j) < a} are "compact in L^ oc (lR 2 , R 2 ) up to translation", more 
precisely: for every j n such that limsupyj^go W(j n ) < +oo, after extraction of a subse- 
quence, there exists a sequence X n G M? and j G L^ oc (R 2 , IR 2 ) such that j n (X n + •) — > j 
in Lf oc (M 2 ,IR 2 ) and 

(4.2) WuU) < Uminf Wu(jn). 

n—>oa 

In particular inf^p Qg2 ^2) Wjj = inf^Wjj is achieved and is finite. 

- The minimizers and the value of the minimum ofWjj are independent of U . 

We will also prove a result of uniform approximation by construction, which implies in 
particular that the minimum of W may be approximated by suitable periodic configurations. 
This construction will be crucial in particular in constructing test functions. In what follows 
Kr denotes the square [-R, R} 2 , and Wk denotes the renormalized energy relative to {-RT_r}_r. 
In the following results, squares could easily be replaced by arbitrary parallelograms. 

Proposition 4.2. Let G C A.i be such that there exist C > such that for any j G G, we 

have 

(4.3, V*>1, ^<C 
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for the associated v 's and such that, uniformly with respect to j E G, 
(4.4) lim W{ ^ r) = W K {j) < C. 

Then for any e > 0, there exists Ro > such that if R > Ro and \Kr\ S 2-7rN, for any j £ G 
there exists jr such that 



(4.5) 



curl j/j = 2vr J2 P eA R 6 p ~ 1 in K Ri 
3r • t = on dK R , 



where Ar is a discrete subset of the interior of Kr, and 
-ifxe K R _ 2R 3 /4 then j R (x) = j(x), 
W(j R ,lK H ) 



\K R \ 



<W K (j) + e. 



Remark 4.3. An inspection of the proof allows to see that the construction can alternatively 
be made in any rectangle which is a small perturbation of the square Kr, i.e whose sidelengths 
are in [2R, 2R(1 + n)], where n depends on e. 

Note that this result is close to establishing that A\ is "uniformly VF-approximable" in 
the sense of [AM] . Definition 4.14. 

The following corollaries are proved at the end of this section. 

Corollary 4.4. Given any j such that Wk(J) < there exists a sequence {jrIr^^-k^ ^ n 
A\ such that each jr is Kr periodic (i.e. j R (x + 2Rke\ + 2Rle2) = Jr{x) for k,l € Z where 
(ei,e2) is the canonical basis ofM 2 ) and 

(4.6) lim sup W K (j R ) = lim sup W ^ 1k ^ < W K (j). 

R-^oo R->oo \ K R\ 

In particular there exists a minimizing sequence for min^ W consisting of periodic vector- 
fields. 

Corollary 4.5. Letp < 2 and let P be a probability measure on L^ oc (R. 2 , M?) which is invariant 
under the action of translations and concentrated in A\ . Then there exists a sequence R — > 
+oo and a sequence {j_r}_r of vector fields defined over Kr such that 

- There exists a finite subset Ar of the interior of Kr such that 

1 3R-T = on dK R . 

- Letting Pr be the probability measure on Lf oc (M. 2 , M 2 ) which is defined as the image of the 
normalized Lebesgue measure on Kr by x ^ Jr{x + •) where jr is extended periodically 
to the whole M 2 , we have Pr — > P weakly as R — > oo. 



- limsup-^f^ < / W K {j)dP(j). 

R-^oc \Kr\ J 
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4.1 A mass displacement result 



In this subsection, we show that even though the integrand in the definition of W is not 
bounded below, we can somehow reduce to that case by a "mass displacement" method, 
which is an adaptation of that of [SS3j . The situation is much simpler here due to the fact 
that all degrees are +1. It follows the same steps however, consisting in ball construction 
combined with mass displacement. 

We begin with a ball construction argument a la Sandier and Jerrard \Sa\ iJe] . For the 
sake of generality, we prove the result for an average density m which may depend on x. 

Proposition 4.6. Assume curl j = v — m in the sense of distributions in some open set U, 
where m G L°°(U) and v = 2ir J2 P eA f or some finite subset A ofU, and that j G Lj oc (Z7\A). 
Let n = #A and r/o > be the minimal distance between points of A. Then there exists for 
any r G (0, 1] a family of disjoint closed balls B r of total radius r covering A such that: 

- If A = {p} then B r = {B(p,r)}. 

- Ifr/n < r/o, then B r = {B(p, £)} pG A- 

- The set \JB&B r B is increasing as a function of r. Moreover, for any rj < r/n, and every 
B G B r such that B C U we have, letting d B = #(A n B), 

1/ r r 



, i \3\ > Kd B log Hmlloo — 

1 J B\u peA B( P , v ) \ nr] 2 

If B G B r and x is a positive function with support in U, then 



L 



X|i| 2 - 2tt flog— - \\m\\J-\ V X (P) > -2rv(B)\\V X \\c 

B\U peA B(p, v ) V n V 2 J p^A 



Proof of the first three items. We let M = \\ 

^||oo* The first items are obtained by a standard 
ball construction argument a la Jerrard/Sandier. Since curlj = v — m we have for any circle 
C = dB of radius r(B) not intersecting A, and letting ds = #(A n B), 

/ j ■ r > u(B) - M-7rr B 2 = 2ird B - Mixr B 2 . 
Jc 

Using the Cauchy-Schwarz inequality and the fact that d B is a nonnegative integer, we deduce 
that 

(4.8) / \j\ 2 >—(d B f -2irMd B r B >2ird B ( — - Mr B 

Jc r B \tb 

Define F(x,r) = J B / xr \ \ j\ 2 - The above yields 

> 2ird B ( Mr B ). 

or \r B J 

In order to define B r , we first fix a reference family of balls produced via a ball-growth. 
Set rji = min{r/o/3, l/(n + 1)} and let B$ = {B(p,7]i)} pe ^. According to the definition of 
770, we have that Bq is a finite, disjoint collection of closed balls of total radius nrji < 1. We 
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1 

■"71 ' 



then apply Theorem 4.2 of [SS4] to Bq to produce a family of collections {B(s)} s ^ Q log . 

such that the total radius of the balls in B(s) is r = nrjie s . Then, given 77,771 < r < 1 we may 
choose s = log and write B r for B(s). We then extend this reference family "backward" 
to radii smaller than nr\\ by letting B r = {B(p,r /n)} pe \ for any < r < nq\. 

Since the balls in these collections never become tangent when r < nr/i, for any rj > we 
may trivially view {B(s)} s , where B(s) = B r , with r = nrje s as having been generated by a 
ball-growth from B(0) = {B(p,7])} p& \, i.e. satisfying all the results of Theorem 4.2 in |SS4] . 
Then each B r has total radius r and covers A and from Proposition 4.1 in |SS4| for every 
B G B r = B(s), with r = nne s , 



L 



B\U peA B(p, V ) 



\j\ 2 > [ V 27rdfl/(l- Mr B , 2 )dt. 

Jo Jtz,^ 



B'eB(t) 

B'CB 



Since the sum of the d^/'s is #(-B Pi A) and since the sum of the r#/'s is less than nrje t , we 
find 

« /'s / 2 2 2 

/ | j| 2 > 27rd B / (1 - M{nr)e l f) dt = 2itd B (log — - M T - U 11 

J B\U peA B(p, v ) Jo V n7 l 2 

Since this is true for any < rj < r/n, the first three items are satisfied. □ 
Proof of the last item. Let B v = B \ U pe AB(p,r]). Then by the "layer-cake" theorem 

(4-9) / X \j\ 2 = / +0 ° f / lil 2 ) dt. 

Jb v Jo \JB v n{ x >t} J 

Now if a £ A n B, then for any s £ (0, r] there exists a closed ball B a>s £ B s containing a. 
For t > we call 

s(a, t) = sup{s G (0, 1], B a>s C {x > t}} 

if this set is nonempty, and let s(a, t) = otherwise, i.e. if xi a ) ^ t- Then we let B\ = B aiS r ajt \. 
Note that a is not necessarily the center of i?*, note also that s(a,t) bounds from above the 
radius of B* a , but is not necessarily equal to it. 

As noted above s(a, t) = iff x(, a ) ^ t while if s(a, t) £ (0, r) then B l a (£_ {x > t}, otherwise 
there would exist s' > s(a,t) such that B a ^ s i C {x > t}, contradicting the definition of s(a,t). 
Thus, choosing y in B l a \ {x > t}, we have 

(4.10) X (a)-t<x(a)-x(y)<Ma,t)\\Vx\\oo. 

Also, for any t > the collection {i?*} a , where a G A and the a's for which s(a,t) = have 
been excluded, is disjoint. Indeed if a,b £ A and s(a, t) > s(b,t) then, since B s ( a ^ is disjoint, 
the balls B a s ^ a t ^ and B b s ^ a t ^ are either equal or disjoint. If they are disjoint we note that 
s(a,t) > s(b,t) implies that £ 6)S (&,t) C jB 6)S ( 0jt) and therefore 5^ = S 6)S(6)t) and 5* = B ,s(o,t) 
are disjoint. If they are equal, then B^ s u t \ C E t (~) B and therefore s(b,t) > s(a,t), which 
implies s(b,t) = s(a,t) and then B\ = B l a . 

Now assume that B' G {-B^ja an d let s be the common value of s(a,t) for a's in B' n A 
and n = $A. Then the previous item of the proposition yields for any r\ < min^Q, r/n) (but 
the inequality is trivially true if 77 > r/n), 

[ \j\ 2 > v{B') (log — — M^- 

JB'\U peA B(p,r,) \ n V 2 
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We may rewrite the above as 



/ |j| 2 >2^ y fbgfM - M s -^l) 

J B'\U^ A B(p, V ) aemiA V nr ? 2 / 



and summing over B' £ {-B*} a we deduce, noting that the a's for which s(a,t) = do not 
contribute to the sum, 

Integrating the above in view of (|4.9p yields, using (|4.10p and the fact that s(a,t) < r, 



J B v aeBr\A J[} ' ' 



aeBnA 

The right-hand side is greater than 



xifl) f r ( x ( a \ _ t \ r 2 



2^ V / log- + log X ^- b All— M— ) dt. 
^ L \ B nr] B V2r||Vx||- ' 9 ' 



2^ E (x(«)(log^--M^)-2r||V X ||oo) 



aeBnA 

which proves the result. □ 

We deduce a control of j by W, which we point out is substantially improved in |STj into 
a control in a critical Lorentz space. 

Lemma 4.7. Let x be a positive function compactly supported in an open set U and assume 
that curl j = v — m in 

U :={x\ d(x,U) < 1} 

where v = 2ir Ylp^A f or some finite subset A of U. Then, there exists C > universal and 
for any p £ [1,2), C p > depending only on p, such that 

X P/2 \J\ P < C(\U\ + Cp) 1 "^ 2 (W(j, X ) + n(logn + IMIooJIIxlloo + n\\ V X ||oo) p/2 • 

where n = v(U)/2tt = #A. 

Proof We use an argument of M. Struwe [St]. Let M = ||m||oo- We construct as above balls 
B r in U and define for k > 1 the set Uk = B 2 -k \ B 2 -(k+i) and Uq = U \ Hi/ 2 - Then since x is 
supported in U, we have by Holder's inequality, 

(4.H) / x p/2 \j\ p = L x p/2 \j\ p = E / tf^r ^ E i^ p/2 (7 ^i 2 ' 

Ju Ju k=0 Ju k k=0 \Ju k 



38 



For any given k G N and if r) is small enough we have Uk C U v \ (B 2 -(k+i)) v , where we have 
written A r] = A \ U peA B{p,rf). For any ball B G B 2 -(k+i), if B intersects the support of \ 
then B C U and thus the previous proposition yields 



/ x | J | 2 >27r(log^^-CM) x(p)-Cv(B)\\Vxl 

J B 7 i \ TIT} J 



2 -(ft+i) 

- CM J 

Summing over balls in £> 2 -(fc+i) and subtracting from J v x\j\ 2 we find 

2 -(fc+i) 



/ xbf < / x|i| 2 -2vr (log- cm) ]T x(p) + Cu(U)\\V X \\ 

JUk JU V \ n V J peUnA 

Taking the limit r\ — > and plugging into ()4.1ip we find, recalling that n = #A, 



x p/2 \ 



v 



\ P <J2 l^| 1_P/2 X) + (M + k + log n) llxlU + Cn|| V X ||oo) p/2 . 



k=0 

-k 



We have \Uq\ < |J7| while for fe > 1 we have < C2 . It follows easily that for some 

c p ,c>o, 

X p/2 \j\ P < C(\U\ + Cp) 1 ^ 2 (2W(j, X ) + n(log n + Af)|| X ||oo + n||V X ||oc) p/2 • 

u 

□ 

Lemma 4.8. Assume that m G L°°{Br) and {(j n ,v n )} n is a sequence in L^ oc (M. 2 , M 2 ) x M. 
such that v n restricted to Br is of the form 27r^ i <5 ai for every n, with div j n = and 
curlj n = v n — m, and which converges in the distributional sense to on Br. 

Then div j = and curl j = v — m on Br, where v is a locally finite sum of the form 
2?r SpeA dp5 p , where A is a discrete subset of Br and d p G N*. Moreover, if x G C^°(Br) is 
positive and sup n W(j n ,x) < +oo, then d p = 1 for every p such that x(p) 7^ 0. In addition, 
for any smooth function £ compactly supported in {x > 0} we have 

limmfW(j n ,0=W(j,0- 

n— >+oo 

Proof. This is essentially a consequence of the type of analysis of |BBH| . 

First, since v n is positive for each n, the distributional convergence of {vn\n is in fact a 
weak convergence of the measures, and {f n }n is locally bounded on Br, and we deduce that 
v is of the form 2ir Y^ p ^a dp°~p with d p G N* . That div j = and curl j = v-mon follows 
by passing to the limit in the corresponding equations satisfied by j n , v n . 

Now assume sup n W(j n ,x) < +oo, let U be an open set compactly included in Br and 
containing the support of x> and choose r\ > 0. Let C/^ = U\U p ^\B(p, n). If n is large enough 
depending on 77 we have A n n [/^ = hence div (j — j n ) = curl (j — j n ) = in U v . Elliptic 
regularity then implies that j n — > j in C k (U2r 1 ) for any k G N and thus we have convergence 

~ik I 



in Cy oc (Br \ A). In particular we have for any p > 



lim - / xlinl 2 = o / X|j| 2 - 
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We choose p small enough so that the balls B(p, p) for p G A n U are disjoint. Then for 
each p G AnU and n large enough, there are exactly d p > 1 points p\, . . . ,pt p in A n f]B(p, p), 
and these points converge to p. We apply Proposition 14.61 to (j n) ^n) in B(p,p), with r = p 2 . 
We deduce the existence of a family of balls B n of total radius containing the points p\ 
and such that for rj > small enough 

/ X |j n | 2 - 2tt (log ^- - Cm) J^xiPn) > -CV 2 ||Vxl|oo. 

JB n \U k B(ptri) V d P V J ^ 

Moreover, since the p^'s converge to p as re — )• +oo, if n is chosen large enough then they 
are at distance less than p 2 from p hence B n C B(p,2p 2 ). Using (|4.8[) to bound from below 
fdB(p,t) \3n\ 2 for 2p 2 <t < p, we find 

J / X\jn\ 2 >\{ min x ) / \jn\ 2 > vr ( min x J d 2 log - Cd p p. 

1 JB(p,p)\B n 1 \b(p,p) J JB(p, P )\B„ \b(p,p) J 2,p 

Also, since on B(p,p) we have mm B ^ pp ^ x > X ~ 2p||Vx||ooj we may write 

( min X ) d 2 > V x{Pn) + x(p) {dp 2 ~ d p ) - Cpd p 2 \\ VxlU 
V B (p.p) / 

Putting together the above lower bounds, replacing xiPn) by x(p) ~~ Cp|| Vx||oo> and summing 
with respect to k and p, we deduce 

\( X\jn\ 2 > ~ [ Xbn| 2 +VTlog— V X(P) +7Tlog^2 V X(P) 

+ vr log ^ £(V " " C E ^ lQ g ^ + " C P l °S y E <*p 2 C(x), 

peA peA " peA 

where C(x) denotes a constant depending only on the function x an d possibly on M. Adding 
7r log 77 ^ pX(p) on both sides and passing to the limit jj-f Owe find 

W{j n , X ) > g / Xlj'nl 2 + Trlog ^ X (p) + vrlog — J^K 2 - d pMp) - A, 

peA n ^ peA 

where the error term R is bounded independently of p G (0, 1], re. This inequality is true for 
n large enough, but the left-hand side was assumed to be bounded above independently of re, 
hence the right-hand side is bounded above independently of p, n, which can only be true if 
(d p 2 — d p — l)x(p) < for every p G A, i.e. (since d p is a nonzero integer) if d p = 1 for every 
p G A such that x(p) 7^ 0. 

We now prove that lim'mi n ^ +00 W(j n ,^) = W(j,£) if Supp(£) C {x > 0}. For this we 
note that since j n — > j in C\ oc (Br \ A), then for any p > we have 

I(jn, P ) :=\! t\jn\ 2 +7T £ £(p)l0gP 

2 ^ peA„ 
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Then, the convergence of W(j n ,£) to W(j,£) will follow if we may reverse the limits n — > oo 
and p — > 0, which is the case provided for instance that I(j n ,p) tends to W(j n ,£,) as p — > 
uniformly with respect to n. 

We prove this fact. Denote by {pi, . . . the set A n Supp(£). We know already that 
the points are distinct hence there exist a neighborhood V of Supp(^) and k sequences {p"}n> 
1 < i < k such that A n n V = {pf}i and such that pf — > pi as n — > +oo. There exists No such 
that if n > No then \pf — pi\ < po when i / j, where po = \mirii^j\pi — pj\. 

Now choose p\ < P2 < Po an d n > No- We have j n = —V ± H n , where —AH n = 27r<5 p ™ — m 
in B(pf,2po) with ||m||oo < M. Then iJ n = log | • — pf \ + Hj^, where iJj )Tl is bounded 
by a constant independent of n in C 1 (B(pf,p)). It follows straightforwardly by writing 
\jn\ 2 = |V log +X7Hi jn \ 2 , expanding and estimating each term, that 



\ ! eijni 2 -<(pr)iog^ 

1 JB(pV-,p 2 )\B(p?, Pl ) Pi 



< Cp 2 ||V£||oo+CV^||£||c 



where C is independent of n < No- The left-hand side is nothing but \I(j n ,P2) — I(jn>Pi)\ 
thus we have proved the uniform convergence w.r.t. n of I(j n ,p) as p — > 0, and then it follows 
that W(j n ,0^W(j,0- □ 

The energy density defining W, \j\ 2 + log rj ^2 P $p has no sign, which makes it impossible to 
apply directly Theorem [3] to it. We now show that it can be modified into a density bounded 
below by a constant, using again the mass displacement method introduced in [SS3| (but in 
a simpler setting), that is by absorbing the negative part into the positive part while making 
a controlled error. 

The next proposition summarizes the properties of the modified density g. 

Proposition 4.9. Assume U Cl 2 is open and (j, v) are such that v = 2ir X] P eA f or some 
finite subset AofU and curlj = v — m, div j = in U , where m £ L°°(U). Then there exists 
a measure g supported on U and such that 

- g > —CdlmW^ + 1) on U, where C is a universal constant. 

- For any function \ compactly supported in U we have 



(4.12) 



< Cn(logn+ ||r?7.|| 0O )||Vxl|c 



W(j,x) ~ J Xdg 

where n = #{p G A | B(p, C) n Supp(Vx) ^ 0} an d C is universal. 
- For any E C U , 

(4.13) #(AnE)<c(i + H|^|^|+^)) , 

where C is universal. 

Proof. The proof follows the method of [SS3 . Throughout M = || ?tz 1 1 oq . We cover M by the 
balls of radius 1/4 whose centers are iiijXj. We call this cover {U a } a and {x a } a the centers. 
In each U a DU and for any r 6 (0, 1/4) we construct disjoint balls £>" using Proposition 14.61 
Then choosing a small enough p G (0, 1/4) to be specified below, we may extract from L) a Bp 
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a disjoint family which still covers A as follows: Denoting by C a connected component of 
U a Bp, we claim that there exists ao such that C C U ao . Indeed if x G C and letting £ be 
a Lebesgue number of the covering {U a } a (in our case £ < 1/4), there exists ao such that 
B(x,£) C U ao . If C intersected the complement of U ao , there would exist a chain of balls 
connecting x to (U ao ) c , each of which would intersect U ao . Each of the balls in the chain 
would belong to some Bp with /3 such that dist (Up,U ao ) < 2p < 1/2. Thus, calling k the 
maximum number of /3's such that dist (U/s,U ao ) < 1/2, the length of the chain is at most 
2kp and thus £ < 2kp. If we choose p < £/2k, this is impossible and the claim is proven. Let 
us then choose p = i/Ak. By the above, each C is included in some U a . 

Then, to obtain a disjoint cover of A from U a Bp, we let C run over all the connected 
components of U a Bp and for a given C such that C C U ao , we remove from C the balls 
which do not belong to Bp . We will still denote Bp the family with deleted balls, and let 
Bp = UaBp. Then B p covers A and is disjoint. 

We then proceed to the mass displacement. Note that by construction every ball in B" is 
included in U a . 

From the last item of Proposition 14.61 applied to a ball B E Bp, if rj is small enough then, 
letting B v = B \ U p ^\B(p, 77), for any function \ vanishing outside B C\U we have 



/ x |i| 2 -27r(log-^-cV) V x{p)>-Cv{B)\\V X \\l 
Jb v V n a rj J peBnA 

where n a = v{U a ) and M = HmH^. Then applying Lemma 3.1 of |SS3j to 





/^ = ilbfi^-(iog^-CM 

we deduce the existence of a positive measure qb^ such that ||/s ir) — 9b,ti\\ < Cu(B), where 
the norm is that of the dual of the space Lip of Lipschitz functions in B which vanish outside 
BnU. Now we let Tj — y 0. Since Qb,ti ^ 0, it subsequentially converges to a positive measure 
gs and for any x £ Lip> 



(4.14) 



J xdgB -W B (j,x) < Cv(B)\\Vxh°°(B), where W B (j,x) = 1™ J xdfB, v - 
Next we note that, letting W'(j, x) = W(J, x) ~ Y,BeB p w b(], x), we have 

W'(j, X ) = [ Xdf, where /' = ~\j\ 2 lu\ Bp + vr ^ ( log ±- - CM) S p , 
J z peA V n <* P J 

where, denoting A a the set of p S A belonging to a ball of B°, we define a p as the index a 
such that p belongs to A a . 

We define a set C a as follows: recall that p was assumed equal to £/4k, where £ < 1/4 
and k bounds the number of /3's such that dist (Ur, U a ) < 1/2 for any given a. Therefore the 
total radius of the balls in B p which are at distance less than \ from U a is at most kp < 1/16. 
In particular, letting T a denote the set of t € (|, |) such that the circle of center x a (where 
we recall x a is the center of U a ) and radius t does not intersect Bp*, we have \T a \ > 3/16. We 
let C a = {x | \x - x a \ G T a } and D a = U a L> C a . lfU a nU ^ then d(x a , U) < 1/4 hence 
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B(x a , |) C U. In particular, we have C a C D a C U. Then there exists universal constants 
c > and C such that 



(4.15) / 

Jc 



( \j\ 2 > cn 2 - CM 2 . 



To see this, apply the lower bound (j4.8|) on the circle St = {\x — x a \ = t} , i.e. with re = t and 
d,B = #(AnB(x a ,t)). Using cLb > n a and t G (g, g) we deduce that J" s | j| 2 > 7r(n a ) 2 -iMn Q 
and integrating with respect to t £ T a yields (|4.15p . 

The overlap number of the sets {C a } a , defined as the maximum number of sets to which a 
given x belongs is bounded by the overltap number of {B(x a , 3/4) } a , call it k' . Then, letting 



2k" J ' ^ a V °n c 

we have 

(4-16) f'-52fa> \j?lu\B p ~ ^i\j\ 2l C a > \\j?^U\B P > 

a 

and, from (|4.15p . 

(4.17) f a (D a ) = -L I \j\ 2 + irn a (log - Cm) > cn 2 - C(M 2 + 1), 

where the constants may have changed. We then apply [SS3J Lemma 3.2 over D a to f a + 
C ^)d ~|~^ ' w ' iere C i s t' ie constant in the right-hand side of (|4.17p . We deduce for any a such 

that U a n U 7^ the existence of a measure g Q supported in D a such that <? a > — c ^ j-^ 
and such that, for every Lipschitz function x 

(4.18) y X d(/ Q - 9a ) < C\\V X \\L°°(D a )(fa)-(D a ) < Cn a (logn a + C(M + 1))|| V X ||l~(a»)- 
In particular, taking % = 1, 

(4.19) a (Z> a ) = / tt (D„) > cn Q 2 - C(M 2 + 1). 
Now we let 



a = 

BdB p 



£ **+(/'-£/<*) 

366 a s.t. \ a / 



u a nu^z 



The term g# is positive for every B, f — Ylafa is bounded below by (|4.16p . and ^2 a g a is 
bounded below by —k'C(M 2 + 1) since g a > —C(M 2 + 1). Thus g is bounded below by 
!lj| 2 l[/\B p _ C(M 2 + 1) > -C(M 2 + 1), and we have proved the first item. In addition, if x 
has support in U then 



E/Xdfa= £ / 



Xdfo 



a s.t. 
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hence 



Xdg= xd ^9B+ ^2 (9a-fa) + f'\ = 

\ B a s.t. J 

\ u a nu^0 J 

^Jxdg B + Yl J Xd(g a - f a ) + W'(j, x ) 



B a s.t. 



hence in view of the definition of W', (|4,14p and ()4,18p . 
(4.20) 

/ Xdg-W(j, x ) = E (/ xd9B ~ W b(3iX)) + Y, I 



xd{g a - f a ) 



BeBp v / a s.t. 



<C \J2 ^B)\\Vx\\L^(B)+^n a Oogn a + C(M + l))\\Vx\\L«(D c 



,BeBp 



Then if we denote by A the set of a's such that HVxIIl^Dq) 0> an d & is the overlap number 
of the Ua's, 

and x £ U a with a£i implies that V%(y) 7^ for some y G D a hence B(x, 5/4)nSuppVx 7^ 
0. It follows that X^«6A n a — wnere n is defined after (|4.12p . Similarly, the sum of v{B) 
for B 7 s in B p such that || Vx\\l°°(B) 7^ is less then 27rn. Thus (|4.20p may be rewritten as 

dm. 

Finally, summing f)4.19[) for a's such that U a D E ^ and recalling that g — Y^ a 9& — 0> 
we easily deduce (|4.13p . □ 

Remark 4.10. We have in fact proved the following stronger property on g: There exists 
p > and a family B p of disjoint closed balls covering A, such that the sum of the radii of the 
balls in B p intersected with any ball of radius 1 is bounded by Cp < |, and such that on U 

3>-C(IHlL + i) + ^lil 2 it/vv 

4.2 Application: proof of Proposition 14.11 

We start with 

Lemma 4.11. Assume j £ Ax- Then, for any family {Ur}ji satisfying (jl.5p and R > C, 

for any p > 1, 

max{KU fl )-|U fl ||, v(Vr)-v(Vr)} < C + U* 1 "*)) (\\j\\ LP{ v R+c) + l) , 
where 9 < 2 is the exponent in (|1.5p . anc? C onZy depends on the constants in (|l,5p . 
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Proof. Let oIr denote the signed distance to <9Ur, i.e. d R (x) = —d(x,\J r c ) if x G XJr and 
dn(x) = d(x,XJji) otherwise. Let Ur* = {x \ d R {x) < t.}. 

Integrating (|4.ip over Ur* and using Holder's inequality we find 



\LP(av H *y 



\lp(u r i\v r ) 



(4.21) 


|KU R ')-|U^|| = 


/ j'T 













Then, using the coarea formula, 



J {dUn'l dt = \V R X \ U R \, J \\j\\ P LP{gVRt) dt 



and from (|1.5p there exists C > such that Ur 1 C XJr + c- Using a mean- value argument 
and (|1.5p again there exists t G (0, 1) such that 



\dW\ < cr\ \W LP{dl]Rt) < 2\\j\\ p LPixjRl) < 2|b1l£ P(UK+c) , 



and therefore 



(4-22) |^(U^) - lU^H < CR d{1 ^\\j\\ LP(UR+c y 

A similar mean value argument yields the existence of s G (— 1, 0) such that 

\v(V R s )-\U R s \\<CR eil -^\\j\\ LP{VR) . 

Since t h-> z/(Ur ) is increasing we deduce, since \Jr~c C Ur s , 

v(U R s ) - \U R S \ < u(U R ) - \U R \ + \U R \ Ur^c\ < v(Ur) ~ \Ur\ + \U R+C \ Ur-c\, 

which in view of (|4.2ip - (|4.22p and (jl.5p proves the bound for |^(U/j) — |U^||. The bound for 
v(Ur) — z^(Ur) follows easily since XJr C XJr C XJr + c- D 

Corollary 4.12. Assume that j G At, that {Ur}r, {Vr}r satisfy (|1.5|) and that c > is 
such that TJ c r C Vr for any R > 1 frf is easy to s/iow from (|1.5p i/iai suc/i a c exists). We 
assume that either Wjj(j) < +oo, or Wy{j) < +oo. 

Then, denoting gu R the result of applying Proposition to {j,v) in \Jr, we have 

(4-23) ^firn^ XUci? d 5Vfl - Xu cfl )) = 0. 

In particular if {Vr}r = {Ur}r, we may take c = 1 to obtain 

(4-24) ^lirn^ xu« dffu* - ^(j, Xuj) = 0. 

^4s a consequence, Wjj does not depend on the particular choice of xu R satisfying f j 1 . 3 j) . 

Remark 4.13. Let G C .4,1 satisfy the hypothesis of Proposition^^ cmd let {XJr}r = {Kr}r. 
Then the convergence in ()4.24p is uniform with respect to j G G. 



45 



Proof. Since Wjj{j) < +00 and j G »4i, both W(j, Xv R ) and ^(Ur) are 0(R 2 ) as i? — )• 00. 
Applying Lemma I4"7T1 in U^+c we find, choosing some p G (1, 2), that J Ufl = 0{R 2 log 

Then, using Lemma 14. Ill we have \v(\J R ) — u(\J R )\ = 0(R dp ) for some exponent P G (0,2), 
and thus the same holds for \v(\J R ) — i/(Ur_c)|. Inserting into (|4.12p yields 



(4.25) 



W(j,xv cR/ i , 

Xv cR agv R 



Ji Xv cR ) _ f 
|Uor| Tu cR 



hence (|4.23p . and (|4.24p easily follows. 

In view of (|4.24p . proving that the definition of W\j is independent of the choice of {xv r }r 
satisfying (|1.3p now reduces to proving the same statement for 

limsup-/ X\J R dgv R - 



i 

But, since g\j R > — C and since Ur_c C {xv r = 1}> 

9v r (Ur-c) - C\XJ R \ U fl _ c | < / xv R dgu R < gv R (V R ) + C\U R \ U R 

JUr 



Dividing by \U R \ and in view of (|1.5p we obtain that 

hm sup f xv R dgu R = hm sup — — — — , 

R.-^+ooJV R R.-^+oo l^Rl 

which is clearly independent of Xv R an d finite thanks to (|4.24p . 

The proof of Remark 14.131 follows from the fact that under the hypothesis of Proposition ^. 21 
we clearly have bounds v{K R ) < CR 2 and W(j, Xk r ) < CR 2 which are uniform with respect 
to j G G and thus that the convergence in (|4.25p is uniform with respect to j G G as well, 
when {U R } R = {K R } R . □ 

We may now give the proof of Proposition 14.11 in several steps. 

W\j is measurable. First we show that .Ai (recall Definition II. ip is a Borel subset of X := 
Lf oc (M 2 , M 2 ). For R,e>0we let A Rfi be the set of j G Lf oc (M 2 , M 2 ) such that first curl j = v-1 
and div j = 0, where the restriction of v to B211 is of the form 27r ^ 8 ai with ai G B R and 
\&i — > £ (in particular the sum is finite), and second || 3\\lp(b 2R ) — V e - We also let 

A R , £ ,c = {j G A R , £ I V (B R ) < CR 2 }. 
Clearly both A R ^ £ , and A R ^ £t c are closed. Noting that 

Ai = (Uc>i n_R>i D £> oA Rt£ ^c) , 

we find that A\ is a Borel subset of X. 

For j G A\ we have W(j) = lira sup R W(j,xv R )/\^R\, hence proving that W is Borel 
reduces to proving that 

w .^Sw(j,x) if^A 

l+oo otherwise 
is Borel for any smooth, positive x with compact support. 
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This follows from Lemma 14.81 Choosing R > such that Supp(x) C Br the lemma 
implies that W x restricted to the closed set Ar )E is continuous, therefore {j £ Ar^ \ W x < t} 
is closed for any t, and 

{j e Ai | W x (j) < t} = A! n (n R>0 u £>0 {j e A R>£ \ W x < t}) 

is Borel. □ 

inf_4j Wjj is finite. The results of Section for example show that inf Wjj < +oo. The fact 
that inf Wjj > — oo is a direct consequence of Corollary 14. 121 and the fact that for any R > 
we have gu R > —C, where g\j R is the result of applying Proposition 14.91 on Ur. □ 

Sub-level sets are compact up to translation, mmWu is achieved. Consider a family {*Vr}r 
satisfying (|1.4p - (|1.5p and consider a sequence {j n }n such that Wy(j n ) < a. In particular 
j n £ A\. Let D n be curlj n + 1. Then since P n (Bji) = 0(R 2 ) and from the definition of Wy 
as a lim sup, for any fixed arbitrary C > and any 9 > 1 there exists a sequence R n — > +oo 
such that 

liminf (Wv(jn) ~ Wij ^ X i Bn) ) > 0, »n (V Rn+c \ V Rn - C ) < Rn 8 - 

n^+oo ^ \V Rn \ J 

Indeed, given n, the second relation is satisfied by arbitrarily large -R's, using a mean value 
argument. 

Now, letting V n = Vr u , we apply Proposition 14.91 to (j n , P n ) with U = V n and deduce 
the existence of a measure g n > —C satisfying the properties described there. The choice of 
{R n } n ensures that 

(4.26) lim inf W v (j n ) > lim inf W ^ * v ^ = \ im in f / Xv dg n , 

n— >+oo n— >+oo \'n\ n— >+oo Jy 

using (gJZ)) . 

Now we apply the abstract scheme described in Theorem [3j Let X = L^ oc (M?, R 2 ) x Aio, 
where A^o is the space of Radon measures on M 2 bounded below by twice the fixed constant 
given by item 1 of Proposition 14.91 (this means that we are considering measures (i such that 
fj, + C is a positive Radon measure), and the topology is that of convergence in L^ oc (M 2 ,R 2 ) 
and weak convergence on .Mo- X is a Polish space, and on it we have the natural continuous 
action 0\(j,g) = (j(A + -),g(X + •)). We may check the hypotheses of Section [2] are satisfied. 
Then we choose a smooth positive x with compact support in -6(0, 1) and integral 1, we let 
Vn = VRn-C where C is chosen (according to (|1 . 5j) ) such that 

(4.27) xv n > X * 1^ everywhere and \v n = X * 1^ = 1 in V Rn - 2 c 
and define 



fn{j,g) -- 

We also let 

F n (j,g) = -f f n {O x (j,g)) d\ 
Jv 



I X(y) d 9{y) if there exists A G V n such that (J, g) = 9\{j n ,g n ) 
+oo otherwise. 



WT\ I X*lv^dg n if (j,g) = (j n ,g n ), 
otherwise. 
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Since g n > —C, the property f|4.27|) implies that 

(4.28) J X v n dg n > \V n \F n (j n ,g n ) - 0(R n ). 

Then we check the coercivity and r-liminf properties of {f n }n as in (|1.15p - (|1.16p . The 
latter is the trivial observation that if {j n ,9n) (j, d) then for any subsequence (not relabeled) 
such that {f n (jn, 9n)}n is bounded we have 

lim f n (jn,5n)= lim / xdg n = f(j,g), where f(j,g) = / xdg. 

n— >oo n— >+oo J J 

To prove coercivity, assume as in (| 1 . 15[) that for every R 

(4.29) lim sup / f n (0 A (j n , g n )) dX < +oo. 

n— >+oo jBr 

Then for every R, if n is large enough the integrand is finite a.e. hence there exists A n G 
such that {j n ,9n) = 6\ n {jn,9n) and A + A n G V n for almost every A G B Rl i.e. X n + B R C V' n . 
Then (^29]l reads 

lim sup / / x{ x - A n - A) dg n {x) dX = x* l\ n +B R dg n < +oo, 

n— >+oo J B R J J 

which is equivalent to saying that {g n = g n (X n + -)}n is bounded in L 1 {Br) for every R. This 
implies that a subsequence converges in 

Then, in view of (|4.13p this proves that {v n {X n + -)}n is locally bounded. Inserting 
this information into (|4.12j) we find that {W(j n (X n + -),XR)}n is bounded and then using 
Lemma I4T71 we deduce that {j n (X n + -)} n is bounded in L p (Br) for any R. Thus going to 
a further subsequence {j n = j n (X n + -)} n converges to j locally weakly in L p . Moreover 
div j n = and by the above curl j n is locally bounded in the sense of measure, hence weakly 
compact in W^ ,p . By elliptic regularity it follows that the convergence of j n to j is strong 
in L\ oc (M. 2 , M 2 ). This proves coercivity. 

We may now apply Theorem [3j Letting P n be the image of the normalized Lebesgue 
measure on B' n by the map A h-> 0\(] n ,g n ), there is a subsequence such that P n — > P, where 
P is a probability measure on X and 



x) dX, 



liminf F n (j n ,g n ) > / fu(j,g)dP(j,g), where fj}(j,g)= lim f x(x-X)dg( 

for any family of open sets {U^}^>o satisfying (|1.4|) . 

We claim that if (j, 5) € Supp(P) and fy{j,g) < +00, then 

(4.30) j G .4,1 and ¥lj(j,g) = Wu{j). 

Assuming this, and choosing (j,g) G Supp(P) such that f^(j,5) < kminf n F n (j 

n j gn ) W G 

obtain, using (|4T26]) and (f4T28]) . 

(4.31) liminf W v {j n ) > liminf F n (j n ,5 n ) > Wjj{j). 
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Choosing V = U shows that inf^ W\j is achieved. Taking for j n a minimizing sequence 
for Wy, it follows from (|4.31|) that min^ Wy > min u 4 1 Wjj, hence the value of min^ Wjj is 
independent of U. 

We prove the claim (|4.3U|) . Since fjj{j,g) < +00, we have g(U R ) < C\XJr\ < CR 2 and 
thus VR > 1 there exists Nr £ N such that n > N R implies ^(Ur) < CR 2 . Using (|4.13|> this 
in turn implies that if n > iV^ then y n (Ujj) < Cii 2 and then, passing to the limit n — > 00, 
that v(Ur) < CR 2 , so that in particular j G .Ax- 
Moreover, still if n > Nr, from g n (\JR), ^(Ur) — CR 2 and using (|4.12|) we deduce that 
W(j n ,xu R ) ^ CR 2 \ogR and then, as in the proof of Corollary 14.121 that 



W(j n ,xv R ) - I Xu R dg n 



< o(R 2 ), 



for some 9 < 2. Passing to the liminf n — > 00 we obtain in view of Lemma 14.81 the same 
relation for j, g. Dividing by |Ur| — which is bounded below by cR 2 for some c > — and 
letting R — > +00 we find that Wjj(j) = ^utiid)' which finishes the proof of (|4.30p . 

□ 

Independence w.r.t. the shape. We have just seen that if U and V refer to two families of sets, 
the infimum of Wy and Wjj are both achieved and are equal. There remains to show that 
minimizers are also the same. 

Consider jy a minimizer of Wy. By Corollary 14.121 we have for any {U#}^ satisfying 

Ob, 



(4-32) hm -— f X v R dgu R = 0, 

H->oo \\J R \ Ju R 

where g\j R is the result of applying Proposition 14.91 in \Jr. We deduce that 

(4.33) Wu(jy) = limsup f xu R dgu R = limsup / f (j, g) dP\j R (j, g) > 

hm inf / f ( j, g) dPu R (j, g) > f f (j, g) dP v (j, g) , 

R-^co J J 

where f{j,g) = J xdg, Xu R = lu H _ c * an d where Pjj r is the image of the normalized 
Lebesgue measure on XJr-c by A 0\(jv, gu R )- Moreover we have chosen a subsequence 
{R} such that {P\j r }r converges to a probability measure Pjj- 

Since Pjj is ^-invariant and using the ergodic theorem and (|4.30p we get 

J f(j,g)dP v (j,g) = j %(j,g)dP v (j,g) = j W v (j) dP v (j , g) > xmnW, 

where W can be defined using any family of sets satisfying (|1.4p . (|1.5p . not necessarily the 
family U. Together with (|4.33|) we get 

(4.34) Wu(jy) = limsup / f(j,g)dPv R (j,g) > [ f(j,g)dPu(j,g) = [ W u {j) dP v (j, g) 

R-^oo J J J 

and this is bounded below by min^ W. From the minimality of jy and since min W\j = 
min Wy, applying (|4.34p to {Ur}r = {Vr}# implies that there is equality everywhere and 
therefore 

(i) limsup J idPy R = J fdPy, (ii) Py-aknost every j minimizes W. 
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Since f is continuous and bounded below on the support of Pv R independently of R, 

lim sup / f dPv R = / f dPy <^=^ sup / f dPv R A/ ^ + °°> 0. 
R J J R J{f>M} 

Now choose c > such that U c r C Vr~c for every R > 1 and let Pi^ be the image of the 
normalized Lebesgue measure on XJ c r by X*-^- 9\ (jy , gv R ) • Then 

( 4 -35) Pv R > p^|^ > 

for some <5 > independent of -R (this follows from (|1.5p ). It follows that 



sup / f dP v > 

-R J{f>M} 



and then that, choosing a subsequence {R} such that — > P v , that limsup^ f f dPy = 
jidP v (cf. plfTH]). 

Now we claim that the support of Py is included in the support of Py . Indeed if (p > is 
continuous with compact support in (Supp Py) c , then f ipdPy R — > f ipdPy = hence from 

5 JtpdP^^O 

and thus J (p dP' v = liiriR J ip dP^ R = 0. 

It follows that Py-almost every j minimizes W\j and that 

(4.36) / f dP{f R mmWu. 



But J f dP^ R = fjj Xv cR dgv R by definition of f and P-y R and using Corollary |4.12t we have 
that fjj Xu cR d(gv R — 9u cR ) tends to as R — > +oo. Therefore J f <^(-fv H — Pu cR ) tends to 
as well, which together with (j4.36p and (|4.34j) yields 

Wu(jy ) = lim sup / f dP VcR = min W v . 
R^+oo J M 

It follows that jy minimizes Wjj. □ 
4.3 Proof of Proposition 14.21 and Corollaries I4.4L 14.51 

The first lemma (whose proof is postponed to the end of the subsection) serves to extract 
a good boundary. We denote by Wk the renormalized energy relative to the family {Kr = 

[-R,R?}r. 

Lemma 4.14. Let G satisfy the assumptions of Proposition \4~J^ Then for any 7 E (0,1), 
any R large enough depending on 7, and any p E [1,2) there exists, for any j E G, some 
te[R-2R^,R- RJ] such that 

(4.37) / \j\P < C P R 2 ^ 

JdK t 
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(4.38) lim W ^ t] = WkU), HK t ) - \K t \\ < CR 2 ~\ 

where C , C p do not depend on j G G, and where the convergence in (|4.38p is uniform with 
respect to j £ G. 

The next steps consist in modifying j in Kji\Kt so that j ■ r = on 8Kr, and so that the 
ensuing modification of W(j, 1k r ) is negligible compared to R 2 as R — > +00. This relies on 
the following two lemmas. 

Lemma 4.15. Let TZ be a rectangle with sidelengths in [4 , t£] . LetpE(l,2). Let g E L p (dTZ) 
be a function which is except on one side of the rectangle TZ. Let m be a constant such that 
l)\TZ\ = - Lj< Then the mean zero solution to 



[m 



8u - g on dTZ 



\ —An = m — 1 in TZ 

(4.39) 

I dv 

satisfies for every q £ [1, 2p] 

(4-40) JjVu\i<C M L'- P \\g\ ]LP{dny 
Proof. We write the solution u of (|4.39p as u = U\ + u 2 where 



(4.41) 



-Au\ = m — 1 in K 



dv 



on 



dTZ 



where g is equal to the average of g on the side where g is supported and is on the other 
sides; and 

j -Au 2 = in TZ 

\ ^ = g-g ondTZ. 

Assume that TZ = [0,£i] x [0,^], with £i £ and that g is supported on the side x 2 = 0. 

Then, up a constant, the solution of (|4.4ip is Ui(x\, x 2 ) = ^—(x 2 — £ 2 ) 2 ■ Therefore 

|Vui| 9 = (m - 1)% / (x 2 - 4) 9 cte 2 = (m - 1)%-^ r < C(m - l) 9 ^ 9 . 

Then, m — 1 = f^g aR d using Holder's inequality |m — 1| < CL -2 ^^^,^)-^ p. 

Inserting above we are led to 



(4.42) f \V Ul \i < C p , g L 2 -v\\g\ 

Jn 



g 



For u 2 , note that the conjugate harmonic function u 2 has trace cp which satisfies d T <p 
g — g, hence || ^7cp\\lp(&r.) — lb — 9~\\lp(&r.)- Then from the Sobolev imbedding W ,p (dlZ) L 
W 1 2 P > 2p (dTZ), which is the trace space of W 1,2p (TZ), and elliptic regularity it follows that 

\\V u 2\\l 2 p(k) = \\Vu 2 \\l 2 p(r) - Cn\\g - g\\hp(an)-, 
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and it is easy to check that the constant C-ji may be chosen to depend only on p, L and not 

[L 3Li 



on £i, as long as £ [|, Scaling arguments then show that for some C p>q independent of 

2 ^ 

Vn 2 | 9 < C Piq L ~r\\g\\i Pi&fLy 



L we have 
(4.43) 



n 



Combining (|4.42j) and (|4.43jl . we obtain the result (|4.40|) . 



□ 



Lemma 4.16. Let 1Z be a rectangle of barycenter 0, and sidelengths G V«f[i il< ^ w 
&e a constant such that m\1Z\ = 2ir. Then the solution to 



2' 2i> 



—A/ = 2h5q — m in 1Z 
% = on^ 



satisfies 



(4.44) 



lim 



in\B(p,T)) 

where C is universal, and for every 1 < q < 2 



|V/| 2 + 2vrlog7 ? 



< C 



(4.45) 



where C„ depends only on q. 



I iv/r<c 9 , 



Proof. This is a standard computation, of the type of [BBH], Chap. 1, observing that / = 
— log \x\ + S{x) where S is a C 1 function. □ 



4.3.1 Proof of Proposition [4721 

Let j G G. Apply Lemma [4.141 with p£ (f , 2) and 7 = f • For any R large enough it provides 
us with a square K t , where t depends on j £ G but satisfies 

(4.46) BJ <R-t< 2BJ. 

We wish to extend j in Kji\Kt, keeping j and A unchanged in Kn\Kt, to obtain a 
jr satisfying jr ■ r = on <9ATr and curlj^ = 27r^ pgAfl 5p — 1 — while the extension's 
contribution to the renormalized energy remains negligible compared to R 2 , uniformly with 
respect to j G G. 

Below, the notations o(-), ~ and O(-) are understood with respect to R — > +oo, and 
uniform with respect to j G G. 

We divide each side of K% into [V~R] intervals, so that there are a total of 4[\AR] intervals, 
which we label of length 7-7=7, which is equivalent to 2\[R as R — > +00, uniformly with 

respect to t satisfying (|4.46p . For each i we consider the square Ki C Kr \ K t with one side 
equal to I{. By perturbing the length of the other side of an amount which is 0(l/yR) as 
R — > 00 we may obtain a rectangle Hi whose aspect ratio tends to 1. and such that 

(4.47) \Hi\ - [ j'-TG 2vrN. 

Jit 
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We let gi denote the restriction of j ■ r to Ii (and extend it by on the rest of dlZi), and let 
mi = 1 — ■ Using Holder's inequality, we have 



\ m - i| < f f \j . t \p] P rH 1 '^ < Ci?^- 1 -^) 



i , . i 

V 



\l-> 



\Jl i J \JdKt 

In view of (|4,37p . we deduce 

\ mi - 1| = 0(R~^~^ + p~i) = o(l), 

since 7 = f and p > | . 

By (|4.47p and by choice of rrii we also have nii\TZi\ E 2-7rN. We may thus tile TZi by 
an integer number of rectangles TZik, whose sidelengths are in \/27r[^,|] and such that for 
each i,k, we have rrii\TZik\ = 2tt. Since rrii ~ 1, the number of rectangles inside each TZi is 
equivalent to \lZi\/2-K ~ R/2tt as R — > +oo. 

On each of these rectangles, we may apply Lemma 14.161 which yields a function 
satisfying ()4.44p - (|4,45p . We then define the vector field j% in UiTZi by j\ = —V fit in each 
TZik- We can check that j\ satisfies 



(4.48) 



curl jt = 2tt Y^per 5 p ~ Y.i mi-Hi in Uj TZi 
ji ■ r = on d(UilZi 



where T is the union over i,k, of the centers of the rectangles TZik- Indeed since = 
no curl is created at the interfaces between the T^'s, and no curl is created either at the 
interfaces between the TZiS. 

Moreover, by (|4.44p ^ (|4.45p . since the number of TZik for each i is of order \TZi\, and since 
the number of TZ^s is 0(\^R), j\ satisfies 



(4.49) lim 
and for q < 2 



/ |ji| 2 +7r#riog77 

JUilli\UB( P ,T]) 



(4.50) / \ji\ q <C q R2. 

JUiKi 

Since (mj — l)|7£j| = — gi, we may also apply Lemma 14.151 in each TZi with g = gi for 
boundary data. It yields a function Ui satisfying (|4.40p . We then define the vector field ji as 
— V^u,- in each TZi. It satisfies 



(4.51) 



curl j 2 = Yji mil-Hi - 1 in U, TZi 
h • T = 9 on d Ui TZi 



where g = j • r on dK t and on the rest of d(L)iTZi). Indeed, gi is only supported on the Ii 
i.e. on the sides of the TZi which are in dKt, so ji ■ r = on all the boundaries of the TZi 
which intersect, therefore again no curl is created there. For every 1 < q < 2p we have, since 

\h\ ~ Vr, 



[ \32\*<C M &-t\\gt\\<, my 
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Adding these relations, we obtain 



/ \h\ q <C p , q R l * Vl / |r,,-. 



But when q/p > 1 we have < max(l, Xi)) q / p and number of 7£j's is 0(\/R~) hence, 



UiKt \JdKt 



Using (|4.37|) . we deduce, for all 1 < q < 2p 



(4.52) 



\J2\ 



'±l 



From now on we choose p £ (|, 2) and we have for every (/ < 

(4.53) / |j 2 r < Cg^, f or some a < 2. 

We can now define jr more precisely. In yj{!Zi we let jr = ji + J2 and ur = 2tt X^per <V 
By summing (j4.48p and (|4.5ip we have 

J curl j R = 2ir ]C pe r 5 p ~ 1 in u » ^ 
\ Jr-t = g on <9(Ui7£i), 

where g = j ■ t on d(Ui1Zi) n 9iQ and 5 = elsewhere. Also, 



(4.54) 
We have 



/ 



■Ri\UB(p, V ) 



\3R\ 



3i -32 



Ui-R.i\UB(p,ri) 



< I / \3i\ 



\ji\ 2 + \j 2 \ 2 + 2ji ■ j 2 . 



\32\ 



Uilli 



where q > 2 and -7 = 1 — ^. Using ()4.50p and ()4.53p where we can choose q > 2 since p > |, 



we find 



31 -32 



< CR^ + t = o(R 2 ), 



since a < 2 and + - = 1. Inserting into ()4.54p and combining with ()4.49p and ()4.52p we 
obtain 



lim 



L 



Ui7Li\UB(p,T)) 



\3r\ 2 +vr#riog?7 



0(Rz) + o(R 2 ) = o(R 2 



There remains to define jr in A := Kr \ (K t Uj TZi). First we note that \A\ G 27rN. Indeed, 
from curl j = u — 1 and (|4.47j) . we have 

2vr#(An K t ) - \K t \ = [ j ■ r = V |7^| (mod2vr), 

./afs: t , 
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thus \A\ = \K R \ - £\ \Ki\ - \K t \ is in 2vrN if \K R \ G 2vrN. 

The set A can be described as follows: It is the union of four squares of sidelength R — t 
positioned at the corners of Kr, and a union UjT^, where H! i is a rectangle having a side 
of length \Ii\ in common with IZi, and such that their union is isometric to Ii x [0, R — t]. 
Since both dimensions of these rectangles as well as those of the four squares tend to +00 as 
R — > +00, and since \A\ G 27rN, it is possible to tile A by rectangles of area 2tt and aspect 
ratio close to 1 . Applying Lemma 14.161 in each of them yields a current ja which satisfies 
curl ja = 2-7T X^per' ~ 1 m ^ anc ^ 3 A " T = on dA — where V is the set of centers of the 
rectangles tiling A. 

The cardinal of V is |t4|/27t, which is 0(R 1+ i), and therefore from (|4.44p we deduce 



(4.55) 



lim 



\ja\ 2 +vr#r'logr/ 



I K R \{Kt\JiRi) 
and from (|4.45p . for all 1 < q < 2, 



(4.56) / 

Jh 

Letting jr = ja in A and 



KaMKtUilli) 



\3A\ q <C q R*. 



A R = (A n K t ) U r U r', ^ = 2vr ^ 5 P 

we have j = jr \n K t , vr = v in K t , curl j# = ^ — 1 in j/j • r = on SKr, and combining 
(535]), ([151D and (IQHjl we get 



(4.57) 



1**1 



WatC?) + o(l) as R -» +00, 



where the o(l) is uniform with respect to j G G. This completes the proof of Proposition ET 
We also note that from (|4.50p . (j4.53p and ()4.56p . for every 1 < q < 2, we have 



(4.58) 



/ \3i 

JK R \K t 



\ q < R a for some a < 2. 



4.3.2 Proof of Lemma 14.141 

Let G satisfy the assumptions of Proposition 14.21 an d R > 2 with \Kr\ G 27rN, < 7 < 1 be 
given. Assume j G G. In this proofs the constants and limits as R — > +00 are understood to 
be uniform with respect to j G G. 

Step 1: Denote by gR the result of applying Proposition 14.91 in Kr to (j, v). We apply 
(|4.12|) to functions of the form x( x ) = p(IMIoo), i-e. whose level sets are squares, with the 
additional assumption that p'{t) = outside [R — 2,R — 1] and p = on [R— 1, +00]. Since 
for any Radon measure p, on Kr we have 




p'(t)fi(K t )dt, 
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we deduce that 

•R-l 



(4.59) / (W(j,l Kt )-g R (K t ))p'(t)dt = -W(j, X )+ [ xdgn < Cn(logn + l)\\p'\U 

JR-2 J 

where the last inequality is (|4.12p . and n = #{p G A,B(p,C) n Supp V\ 7^ so that 
2ttti < v(K R+ c) — v {Kr-c)- Here C denotes a universal constant, hence independant of 
j G G. We deduce by duality that for some universal C > we have 

rR-l 

(4.60) / \W(j, l Kt ) - g R (Kt)\ dt < Cn(logn + 1). 

JR-2 

On the other hand, Lemma 14.71 yields that for any p G [1,2) and R > 0, 

HiH^^^C^logV^i?, 

where C depends only on p and on the constants in (|4,3p and (|4.4p . Arguing as in the proof 
of Lemma 14.111 this implies that 

(4.61) n < ±-\v(K R+c ) - u(K R )\ < CR^^M^^ < Ci? e(1 ^ )+ t log^ R < CR? 

for some f3 < 2, where we have chosen p < 2 close enough to 2 and used 9 < 2 in (|1.5p . It 
then follows from (|O0|) , ([4TBT]) that 

(4.62) l^' 1 **)-^*)! dt ^ Ci#~ 2 log i?. 

Now denote by {xr}r a family of functions satisfying (|1.3|) relative to the family {K_r}_r. 
We also assume \R < !• Since g# > — C and since \R = 1 on K R _\ we have for any 
t G [i? — 2, i? — 1] the inequalities 

J XR-2 d 9R - C\K R . X \ K R -z\ < g R (K t ) < J Xr dg R + C\K R \ K R _ 2 \ < J Xr dg R + CR. 
and thus 

(4.63) J xr-2 dg R -CR< g R (K t ) < j Xr dg R + CR. 

Step 2: For any integer k > 1 let = Xk+i — Xki an d let £0 = Xi- Then ^ > 0, since 
Xk+i = 1 on Kk and since \k < 1 an d is supported in iT^. Moreover is supported in 
Cfe := Kfr+i \ Kk_\. Since (|4.3p holds, the number of integers k in [J? — 2i? 7 + 1, i? — i? 7 ] such 
that u(Kk+2 \ Kk-2) < CR 2-1 is greater than i? 7 /2 if C is chosen large enough. Similarly, 



[R-W\ 

E 

fc=[R-2i?T] 



y £fc ^i? = y (X[R-/?7]+i - X[R-2Ry\) dgR < CR 2 , 



where we use Corollary 14. 121 Remark 14. 131 and (|4.4p . Since g R > —C we have J tig^ > —CR 
and therefore the number of integer fc's between [i? — 2i? 7 ] + 1 and [R — i? 7 ] such that 
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/ £fc dg R < CR 2 7 is larger than R 1 /2 if C and i? are chosen large enough, and thus such a 
k satisfying 

u(K k+2 \ K k _ 2 ) < CR 2 ~\ J £ k dg R < CR 2 -\ 



for some C uniform with respect to j £ G. 

Applying Proposition 14.91 in C k to we have 



W{j,i k )- f i k dg R 



< CR 2 ^ log R 



hence W(J,£ k ) < CR 2 7 logi? and applying Lemma I4T71 we find that for p < 2, 

/ |e&l f \j\ p < CR 1 '* {R 2 -nogR)> < CR 2 -\ 
Jc k 

But £ k (x) = 1 if II^Hoo = k and thus from the gradient bound > 1/2 if k — l/C < ||x||oo < 
k + 1/C. Therefore 

|j7 < ci? 2 - 7 . 



By a mean value argument on this integral as well as on (|4.62p (applied with R = k + 1), we 
deduce the existence t £ [k — 1, k] — hence t £ [R — 2i? 7 , R — R' 7 ] — such that, one the one 
hand 

f \j\ p < CR 2 -\ 

JdK t 

proving (|4.37p since C is uniform with respect to j £ G — and on the other hand 
(4.64) 9R (K t ) - W(j, l Kt ) < CR? log R. 



Now, from (|4.63p applied to R = k + 1 and using (|4.12p in Proposition 14.91 together with 
(I4.6ip we obtain 

W(j, XR-2) ~ CR? log R < 9R (K t ) < W(j, X r) + CR? log R, 
Which together with (|4.64p and in view of (fO|) yields (|4.38p . Finally, 

\u(K t ) - \K t \\ = [ j. T < \\j\\ LP{dKt) \dK t \ 1 -^ < CR 2 -\ 

JdKt 



using (|4.37p . Lemma 14.141 is proved. 



4.3.3 Proof of Corollary S3] 

Let j £ Ai be such that Wk{j) < +oo. Let R be such that R 2 £ 87rN, and j R be obtained by 
applying Proposition 14.21 over K = [0, R] x [0, R]. We let j R = j R — V£, where = div j R 
on K and £ = on dK. Then j R = —X7^-H R in K since div j R = there, and we have 
d u H R = on dK since j r -t = jr-t = there. Thus defining Hr on = [-R, R] x [— i2, -R] 
by letting Hr(±x,±u) = Hr(x,u) we have —AHr = ^2 p& \ R S p — 1, where A^j is obtained 
from the restriction of curlj + 1 to K by reflections across the coordinate axis. Moreover 
Hr(—R,u) = Hr{R,i/) and Hr(x,—R) = Hr(x,R) so that we may periodize Hr to have it 
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defined on M. 2 . Then jn := —V^-Hr belongs to A\ and since everything is periodic W can be 
computed through the results of Section 13.11 

WkUr) = W{J ^) Kr) < W K (j)+o(l) asR^oo. 
\ K R\ 

The last assertion of the Corollary follows by taking j to minimize Wk over A\ (a minimizer 
exists by Proposition ^. ip . and remembering that the minimum does not depend on the choice 
of shapes used. 



4.3.4 Proof of Corollary 1431 

The proof of Corollary 14.51 consists in constructing a sequence from a Young measure on 
micropatterns, to use the terminology of |AM| . while retaining an energy control. We thus 
assume P is a probability measure on L^ c (]R 2 , IR 2 ) which is invariant under the action of 
translations and concentrated in A±. 

First we choose distances which metrize the topologies of Lf oc (R 2 , M 2 ) and B(Lf oc ), the 
set of finite Borel measures on Lf oc (M 2 ,R 2 ). For j x ,h G £f oc ( R2 > R2 ) we let 

^ 1 + II Jl - j2\\LP(B(0,k)) 

On B(Lf oc ) we define a distance by choosing a sequence of bounded continuous functions 
Wk}k which is dense in Cb(Lf oc ) and we let, for any \x\,\ii G B(L^ oc ), 

a (,, ..\-^n-k \{<Pk, 1*1 ~ 
ctSlMli M2j = }, 2 TTTi \T> 

~ i + \{(pk,ni-tMi)\ 

where we have used the notation (tp, /i) = J <p dfx. 
We have the following general facts. 

Lemma 4.17. For any e > there exists t]q > such that if P, Q G B(L^ oc ) and \\P—Q\\ < rjo, 
then d(P,Q) < e. Here \\P — Q\\ denotes the total variation of the signed measure P — Q, i.e. 
the supremum of (<p,P — Q) over measurable functions p such that \<p\ < 1. 

In particular, if P = Y^Li^m and Q = ^^A^ with Yli\ a i ~ P%\ < Vo, then 
d B (P,Q) <e. 

Lemma 4.18. Let K C L^ c (lR 2 ,M 2 ) be compact. For any e > there exists r}\ > such that 
if x G K,y G Lf oc (IR 2 , R 2 ) and d p (x,y) < r/i then d B (5 x ,5 y ) < e. 

Lemma 4.19. Let < e < 1. If /i is a probability measure on a set A and f,g : A — >■ 

L^ oc (lR 2 , R 2 ) are measurable and such that dB(5fr x \,5 g r x \) < e for every x G A, then 

d B (f*H,9*n) <Cs(\log e\ + l). 

Proof. Take any bounded continuous function p^ defining the distance on B{L\ OQ ). Then if 
dl3($f(x)idg(x)) < £ f° r an y x G ^foc( R2 '^ 2 ) we nave i n particular 

I (/(*)) - Pfc(s(aO)| <2 k e 



i + k*; (/(»)) - Vk{g{x))\ 
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It follows that 

oo 

d B {f*H,9*v) <^2- fc min( £ 2 fc ,l) < £ {[\og 2 e\ + 1) + £ 2~ k < Ce(|log e| + 1) 

fc fc=[log 2 e]+l 



□ 



Selection of a good subset of Lf oc . We must restrict to a compact subset of L^ oc (M 2 , M 2 ) in a 
suitable way. This is not surprising when constructing an approximation: note that the set 
of micropatterns in [AMJ is assumed to be compact, and we need to reduce to this case. This 
is the aim of the following Lemma. 

Lemma 4.20. Given P as above and e,R > there exist subsets H £ C G £ in L^ oc (IR 2 , M?) 
with G e compact and such that: 



i) rjo being given by Lemma \4-17 we have 

(4.65) P(G £ C ) < mm(rj 2 , m e), P(H C £ ) < mm( Vo ,e). 

ii) For every j G H e there is a subset T(j) C Kr such that 

(4.66) |r(j)| < CR 2 V0 and X $ T(j) 9 x j G G e . 

Hi) 

(4.67) Wjctj) and - — are bounded uniformly with respect to j G G £ and t > 1, 

t l 

where curlj = v — 1, and the convergence in the definition ofWxij) * s uniform, 
iv) We have 

(4.68) d B {P,P") <Ce(|loge| + l), where P" = f -^-f 5e xj dXdP(j). 

JH £ \AR\ JK R \T(j) 

Moreover, there exists a partition H £ = U&iJ* such that diam (H £ ) < 773, where 773 is such 
that 

(4.69) j G H e , d p (j,f) < r/3, AG K R \T(j) =>■ d B {5o xj ,6o x j>) < e; 
and /or all 1 < i < N £ there exists Ji G -ff| suc/i i/iai 

(4.70) WOc(Ji) <infW«- + e. 



Proof. Choice of G £ . Since L^ oc (IR 2 , R 2 ) is Polish we can always find a compact set G e 
satisfying (|4.65p and P(G £ C ) < t]q. Then from Lemma 14.171 P\-G e (the restriction of P 
to G e ) satisfies d B (P, PlG £ ) < e. 
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From the translation-invariance of P, we have for any A that P(9\G £ ) > 1 — r/o and 
therefore that Pi_9\G £ ) < e. It follows that for any A G M 2 we have \\P — P\\\ < tjq and 

then dis(P,Px) < s, where 

P X = I SjdPij) = [ Se xj dP(j). 

Then using Lemma 14.191 we deduce that if A C M 2 is any measurable set of positive measure, 
then 

(4.71) d B (P,P') < Cefllog e\ + 1), where P' = f I 5g xj dXdP(j). 

Moreover, since P is invariant, choosing x to be a smooth positive function with integral 
1 supported in -6(0, 1), the ergodic theorem (as in [BeJ) ensures that for P-almost every j the 
limit 

lim f W (j(x + .),x(\ + -))d\ 

t^+oo \K t \ J Kt 

exists. Then lx t * X i s a family of functions which satisfies (|1 .3j) with respect to the family of 
squares {Kt}t, and from the definition of the renormalized energy relative to {Kt}t we may 
rewrite the limit above as 

(4-72) W K (j)= lim lwV,l Kt *x)- 

t^+oo \Kt\ 

By Egoroff's theorem we may choose the compact set G £ above to be such that, in addition 
to (|4.7ip . the convergence in (|4,72p is uniform on G e . In fact, since Wx(j) < +oo and 
limsup t v(K t )/t 2 < +oo for P-a.e. j, where curlj = v— 1, we may choose G e such that (|4.67p 
holds. 

The difficulty we have to face next is that 6\j need not belong to G £ if j does. 

Choice of H £ . For j G G £ , let T(j) be the set of A's in Kr such that 6\j G £ . Since, 
from (|4.65|) and the translation-invariance of P, for any A G R 2 we have P(6\(G £ ) C ) < rjo 2 , it 
follows from Fubini's theorem that 

/ \T(j)\dP(j)= ! P((e x G £ ) c )d\<4R 2 mm(rj 2 , Vo e). 

JG E JK R 

Therefore, letting 

(4.73) H £ = {j e G £ : |r(j)| < AR 2 m }, 

we have that (|4.65p holds. Combining (|4.65p and ()4.73p with Lemma 14.17} we deduce from 
(|4T7ll that gSSD holds. 

Then we use the fact that G £ is compact and Lemma [4.181 to find that there exists r]4 > 
such that 

(4.74) Vj G G £ ,Vj' G L p loc (R 2 ,R 2 ), d p (j,f) < m d B (Sj,5 f ) < e. 
Moreover, from the continuity of (A,j) i— > 6\j, there exists 773 > such that 

Vj G G e ,VA G K R , d p (j,j')<r] 3 =>- d p (e x j,9 x j') < m- 
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Now if j £ H £ and A £ Kr this implies that if d p (j,j') < 773 then d p (9\j, 0\f) < 774. But if 
A ^ \r(j) we have 9 x j £ G £ hence applying (|4T74"1) to 9\j, 9 x j', we get (pTBUj) . 

Choice of J\ , . . . , Jn e ■ Now we cover the relatively compact H £ by a finite number of balls 
B\,... , -Bjv e of radius 7/3/2 and derive from it a partition of H £ by sets with diameter less 
than 773 by letting H~ = B\ D H E and 



.,/''+ L 

We then have 



Hl +1 = Bi+i n # e \ (Bi U • • • U Bi) . 



(4.75) fT e = (J f£ diam < m (R), 

i=i 

where the union is disjoint. Then we may choose Jj G H £ such that (|4.70p holds. □ 

Completion of the construction. First we apply Proposition 14.21 with G = G e . The proposition 
yields Rq > 1 such that for any j £ G £ and any R > Ro such that \Kr\ £ 2ttN there exists jr 
defined in Kr such that (|4.5j) is satisfied and such that, if x £ K R _ 2R 3/4, then jr{x) = j(x). 
Moreover, 

(4.76) W(Jr,1k r ) < WK{j) + £ . 

\ K R\ 

We choose R E > Ro such that \Kr s \ £ 27rN and large enough so that 

(4.77) KR e (i-vo) C {x : d{x,K R f) > R £ l}. 

where 770 is the constant in Lemma 14.171 

If A £ KR e fi_ ri0 ) and since j(x) = ]R e {x) if d(x,KR s c ) > R £ ^, we deduce from (|4.77p that 

3 3 

9\]R e = 9\j in B(0,R £ i) as soon as i]qR £ > 2R £ i, so that from the definition of d p , taking 
R £ larger if necessary, 

(4.78) Vj' £ Lf oc (M 2 , M 2 ), VA £ K Rsil _ m) , j' = j Re on Kr e => d p (9 x j, 9 x j') < m , 
where 771 comes from Lemma 14. 181 applied on G £ , i.e. is such that 

(4.79) j £ G £ ,f £ L p loc (R 2 ,R 2 ) and d p (j,f) < Vl => d B {Si,S r ) < e. 

Having chosen R £ , we get from Lemma 14.201 a set H £ and a partition H £ = U^iH* and 
in each HI a current Jj satisfying (|4.70p . We also choose an arbitrary Jo £ A\ such that 
W K {J ) < +00. 

Second we choose an integer q £ large enough so that 

(4.80) — § < Vo, ^4 x max W K (Ji) < e. 

q £ 2 q £ 2 o<i<N £ 

Now if j £ HI then d p (j, Jj) < 773 and we deduce from (|4.69p that for every A £ Kr s \ T(j) 
we have 

(4.81) d B (Sg xj ,Sg xJi ) <e. 
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Using (|4.8ip together with Lemmas 14.181 I4TTTI and the bound (|4.66p . we deduce from (|4.68p 
that d B (P,P'") < Ce(|log e\ + 1), where 

(4.82) P'" = £ P J 5 exJi d\, where Pi = P (H l £ ) . 

l<i<N E ^ KR e 

We now replace pi in the definition (|4.82|) by 

(4.83) where n« = \q £ 2 pi] . 

Then Yli=i n i — Qe 2 an d 



(4.84) 

l<i<N £ 



rii 
Qe 2 



< — o < 



Then Lemma f4. 171 implies that ds(P, P^') < Ce(|log e| + 1) where 
(4.85) PW= £ fc^dA. 

Now we let K e = [-q e R £ ,q e R £ ] 2 , and n := q £ 2 - YA=i n ii so tnat Y^^=o n i = Qe 2 - Then 
we divide X e in a collection C £ of t/ £ 2 identical subrectangles which are translates of Kr £ , and 
for each < i < iV e we choose nj subrectangles in an arbitrary way and call the collection of 
these subrectangles £ £> j, so that {£ £ ,i}o<«<7V £ is a partition of C £ . 

Let us call Ji,R e the currents obtained from Jj using Proposition 14.21 They satisfy (|4.76|) 
and (|4.78p . We claim that, as a consequence of the latter, we have for any L G £ e j that 



\Jk R£ Jk 



( !..%) J - ./,«.. on r/ y ( -/ ^ A</i dX, ^ ^ dAl < Cefllog e| + 1). 



This goes as follows: (i) Using ()4.66p and Lemma l4.17l integrating on K(i_ m } Re \T( Jj) instead 
of Kr £ induces an error of Ce. (ii) From (|4.78p . and (|4.79p applied to 9\Ji by 9\f we have 
dis(Sg x j i ,5e x ji) < e and thus in view of Lemma f4.19l we may replace Q\J% by 0\f in the integral 
with an error of Ce|log e\ at most, (hi) Using ()4.66p and Lemma [4. 171 again, we may integrate 
back on Kr b rather than on Kh^^ \ IV Jj), with an additional error of Ce. this proves 

Then combining ft£M\i with (Q51) and d B {P,P^) < Ce(|log e| + 1), using Lemma 14.191 
we find cfe(P, p( 5) ) < Ce(|log gr| + 1), where 



(4.87) P®= ^ 



<5 fl f rfA, 

"\ J i,R e 



and Jj 5 R £ is an arbitrary field in L^ oc (]R 2 , M 2 ) such that Ji,R £ = Ji,R £ on Kr e , the constant C 
being independent of the choice of Ji,R £ ■ 

We chose above an arbitrary Jo in A\ such that Wk(Jq) < +oo. Let the sum in (|4.87p 
range over < i < N e instead of 1 < i < N e , this defines a measure P( 6 ) such that, by Mill . 

(4.88) UpW-pWii^ ^ 
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Sg xje d\. 



where we have used P~84"j) and the fact that 1 - Y,iPi = P(He C ) < Vo, from (|02D , (|4T65|) . 
Hence using Lemma 14.171 we have d B (p( 5 ),p( 6 )) < e and then d B {P,P^) < Cefllog e| + 1). 

We now define the vector field j e : M 2 — > M? by letting j £ (x) = Ji : R e (x — xi) on every 
L G £ £j j, < i < N E — where xl is the center of L and thus L = xl+Kr s — and by requiring 
j £ to be -KT e -periodic. For every L 6 £ £i j we have j £ (xL + •) = on Kr £ , therefore we may 
choose Ji,R e = j E (xL + •) in (|4.87p and then 

/ S e X j e dX = Y 5 °U* dX = Y / 6 8xMxl + -) dX = Y S 6xJi,B s dX ' 

JKs 0<i<N e JL 0<i<N e JKR e 0<i<N £ Jk Re 

Therefore we may summarize the discussion concerning 

p(5) ) p(6) by writing 

(4.89) d B (P, P (6) ) < Cefllog e\ + 1), P (6) = / 

Note that since Ji t R £ = outside Kr £ , and • r = on dK Re we have, in 

(4.90) j £ = J iM-~ x L), curl j £ = 2vr ^ 5 P - 1, j e ■ r = on 8K e . 

l<i<N £ peA e 

where A e is a finite subset of the interior of K £ . This completes the construction of j £ . 
Estimate of the energy. We have 

0<i<7V £ 0<i<iV e 

From ([4.760 applied to the Jj's we deduce that 

(4.91) ^.ljrj < \KRe\Y n * ( W K(Ji) + Ce) . 

i=0 

Now from (|4.84j) and the fact that 1 — Y^iPi = P{H £ C ) < e we deduce that n < N e + q £ 2 e, 
and then from (|4.80[) that no < Ceq £ 2 , where we have included Wk(Jo) m the constant. This 
and (|4.9ip , together with the estimates (|4.84p , (|4.80p and the definition of pi in (|4.82p , implies 
that 

W(j £ ,l Ke ) < q £ 2 \K Re \ ^pP{H$WK{Ji) + C^j , 
and then from (|4.7Uj) . and since \K e \ = q £ 2 \K Re \, that 

(4.92) W(j £ , l Ke ) < \K £ \ ^ W K (j) dP(j) + Ce^j < \K £ \ {^J W K (j) dP(j) + Ce^j , 

using (j4.65p and the fact from Proposition 14.11 that Wk is bounded below. 

Choosing a sequence {e} — > we thus obtain a sequence {R} tending to +oo, where 
R = q £ R £ and a sequence of currents {j'r}, where jr = j £ such that fj4.7|) is satisfied — this is 
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(|4T90l) — and limsup W ^ 1r ^ < f W K {j)dP(j) — this is (f02l) . Moreover from (lOTjl 

R^oo \Kr\ J 

we have Pr — > P, using the notations of Corollary 14.51 Thus Corollary 14.51 is proved. 

Part II 

From Ginzburg-Landau to the 
renormalized energy 

5 The energy-splitting formula and the blow up 

In this section, we return to the Ginzburg-Landau energy and prove an algebraic splitting 
formula on it already discussed in Section H.81 as well as results on the splitting function. We 
recall that if lim^o h cx /\\og e\ > An, then /io, e may be used as the splitting function. Only 
when the limit is equal to An does one need to use h £t N with N ^ Nq instead. 

We recall ho i£ is the minimizer of (I1.35P and h £ ^ is given by (|1.40p . We also introduce 
the notation of the appendix: for m G (— oo, 1], H m denotes the minimizer of 

(5.1) min (1 - m) f I - AH + H\ + - / \VH\ 2 + \H - 1| 2 . 

H m is the solution of an obstacle problem and its properties are studied in the appendix. In 
particular H m > m and —AH m + H m = ml Um , where ui m = {H m = m} is the so-called 
coincidence set. We have 

Lemma 5.1. For any < N < ^ n ^ cx there exists a unique m G [1 — > 1] (and conversely) 
such that h e ^M = h ex H m , and m and N are related by 2irN = h ex m\u m \. Moreover m and 
\uj m \ are continuous increasing functions of N . 

Proof. The minimization problem (|1.40p has a unique minimizer /i £j tv by convexity. On the 
other hand, by the theory of Lagrange multipliers, /i £j at is the minimizer of 



1 ( \Vh\ 2 + \h-h cx \ 2 + X I \-Ah + h\ 

2 Jn Jo, 



mm 

h-ftex6H^(n) 2 

for some number A characterized by the fact that the unique minimizer satisfies 
f n I - Ah + h\ = 2-kN. But this minimizer is precisely h ex H m with m such that 2irN = 
h ex m\ui m \ hence h Et N = h cx H m . From Proposition I A. it m 1— > \uj m \ is continuous increasing 
and one to one from I = [1 — t^-, 1] to [0, |f2|], hence if 2ttN is between and /i ex |f2|, then 
there exists a unique m £ I such that h £) N = h ex H m , and m is a continuous increasing func- 
tion of 2irN/h ex — hence of N — characterized by m|u; m | = 2-7rNh ex , and obviously |u; m | is 
too. □ 

We will denote by m £i N the m corresponding to h £t N, and note that 

(5.2) < 1 - — < m £ , N < 1. 

2An 
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It follows from Lemma 15.11 that h e n is also the solution to an obstacle problem, hence 
h £t N G C 1 ' (see [FY]) and satisfies h ex m £ ^ < h £> N < ^-cx and 

Me.iV := ~Ah £ ^ N + /i £j Ar = m £ ^h ex loj^ N , where w £i 7v = {/t £) jv = h ex m £)N }. 

Note that /U e ,Ar(0) = 2vriV. 
We will also let 

(5.3) c £iA r := h ex {m £)N - m 0)£ ) = h ex m £ , N - h ex + i| loge'|. 
It is immediate from (jl.48]) . ([5T2]) that 

c e ,Af = 0(h cx ). 

The minimizer /io, e of (|1.35|) is equal to h £) N , where iVo is given by (|1.38p . Moreover, we recall 
(see (jl.36p ) that ho >£ = h ex — \\ loge'| on its coincidence set, hence h cx m £ ^ Q = h ex — || loge'| 

and c £tNo = 0. 

On the other hand H m is increasing with respect to m, see Proposition I A. 11 hence if 
mi < mi then H mi < H m2 (see Proposition I A. II in the appendix) so 

(5.4) c £)N > if N > N c £tN < if N < N . 

We will be most interested in the cases where N is one of the two integers closest to Nq. 

5.1 Energy-splitting 

Let hn,, a "splitting function", be any function such that fi := — Ah^ + ha G L 2 (Q) and 
hn = h ex ° n dfl. Let 

(5.5) Ai = A- V^V 
Then, 

Lemma 5.2. For any («, A) and as above we have 

(5.6) G e (u,A) = hh li -h fX \\ 2 Hl{a) + ± f (|n| 2 -l)|VV| 2 + 

J o 

1 /" (1 — lul 2 ) 2 /" 

+ - / | V Al w| 2 + (curl - fi) 2 + ^ — 11 + (hp- h cx ) (//(«, Ai)-fi). 
1 Jn le Jn 

Proof. From (|5.5|) . we have 

|V A n| 2 = |V Al -u| 2 - 2V ± /^ • j{u,A{) + \u\ 2 \Vh^\ 2 , 

where we have used the notation j(u,A) = (iu, V A u). Also, since curl A = curl^i + Ah^ = 
curl^i — fj, + ha, we may write 

(curM - h ex ) 2 = (hfj, - h cx ) 2 + 2(curl A x - fi)(h^ - h cx ) + (cuilAi - fi) 2 . 
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Replacing in (jl.22p and integrating by parts the term V -1 /^ • j(u, A%), using the fact that 
hn = h ex on 90,, we find 



G E (u,A) = - h ex \\ 2 H1(n) + i jT (|n| 2 - 1) |VV! 2 + 



if (l — \u\ Y f 

+ 2 / |V^u| 2 + (curl^x - /i) 2 + ^ — ' + / (h p -h^ (curl curl A x ~n). 

This yields (j5.6fl . using the fact that /i(u, A±) = curl j(u, A x ) + curlAi. □ 

Using the particular choice of splitting function h^ = h £ ^ in Lemma 15.21 we obtain the 
following result: 

Proposition 5.3. Let < N < and let h £ ^ be the corresponding minimizer of (|1.40j) . 

then for any (u,A), denoting Ai^ £ = A — V /i E jv, and using the notation (|1.4ip we have 

(5.7) G £ (u,A) = G? + F e (u,A h£ )-l [ (1 - M^V^I 2 , 

where 

1 /",V7 ,,2 , , , , .. , (1-kl 2 ) 2 



(5.8) F £ (u,A) = lf |V A u| 2 + (curlyl-^v) 2 + 
2 



2e 2 

+ / (/l £j jv - /l ex - C £ . N )fJ,(u, A) + C e>A r / (n(u, A) - fl £yN ) . 

Jn Jn 

Proof. In (|5.6|) . we replace J n (h £i N — h cx ) (fx(u,Ai )£ ) — h £} n) by using the fact that by defi- 
nition of /i £j jv, on the support of /i e ,Ar, h £ ^ — h ex = h ex m £i N — h ex = —^\ loge'| + c £: n and 
f n fi £ , N = 2ttN. ' □ 

Note that the functional F £ depends on N but for simplicity we will not denote that 
dependence. 

5.2 Dependence on iV 

We have the following 

Lemma 5.4. For N € [0, ^^ cx ] we have 

dG N 

(5.9) = 2irh cx (m - m , e ) 

where m is the one-to-one function of N given by Lemma \5.1\ Moreover, is minimized 
uniquely at Nq and minimized among integers at Nq or Nq ( or both ) where Nq is the largest 
integer below Nq and Nq the smallest integer above. 



Proof. From (|1.41|) and Lemma 15.11 we have 
(5.10) Gf = ttN\ loge'l + h ex 2 \\H m - l\\ 2 Hl{n) 
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where m and N are related by 2ttN = h ex m\u} m \. On the other hand, since H m minimizes 
(|5.ip we have 

(5.11) (1 - m)^- + \\\H m - lf mm < (1 - m)^- + \\\H m . - l\\ 2 m(Q) 

"ex ^ "ex ^ 

where 2irN' = h ex m'\ui m i\. Reversing the roles of m and m! and taking m! = m + 5 with 
5 —7- 0, we obtain 

d 2 4vr dN 

— \\H m -l\\ Hl{n) -—(m-l) — 

(in the sense of BV derivatives). Inserting into (|5,10p we deduce 

dG e I not./ ,n « «. / 1 Uog^'l 



/ / Uoge'lA 

7T [ log e | + 27r/i ex (m — 1) = 2-nh ex m - H I 

\ -^ex / 



hence the result (|5,9p in view of (jl.36p . But too,e is the m that corresponds to Ao- It 
immediately follows with the monotonicity of N i— >• m that is decreasing in [0, iVo], 
increasing in [A^o,^^], hence minimized at A^, and minimized among integers at Nq or 
N+. ' □ 

For the rest of Section [5] and Section [6], N G {Nq,N^}. Since 2irN = J a Mo,e < 
|^| (h ex — ^| loge'l), see (|1.37p . it is clear that Nq < Nq < M^si so Lemma ISTTl applies and 
the corresponding /i £ .tv are well-defined. We also record the following 

Lemma 5.5. If Nq > 1 and N G {iV^~, -ZVq"} then 

(5.12) lim , - e ' N ,, = lim m £ /v = m\, 

e^O | loge'| e^O ' 

w /iere A = lim £ ^ jj^j rn\ = 1 - ■ 

I log e' I 

Proof. First we recall that mo j£ = 1 — J - 2 -r — L , hence by definition of A, we have lim £ _>.o m o,e = 
m A . 

Assume that A" = A/q\ We use the fact, seen in Lemma f5.lt that m and \co m \ are increasing 
functions of N. Thus, since Nq < N < Nq + 1, we have |w e> jv| > \^o,e\ and, using 

27rJV+ 27rAf ^ 27TAT+ 2^Ao ^ 2tt m , £ . 1 

< m £i N — mo )£ = : — [■ — : 7 < : — — r : r < : r = — < , 

h C x\Ue,N\ h ex \uiQ,e\ riex| w 0,e| < l w 0,e| «ex|wo, £ | A^o A?o 

because we always have m < 1. Since we are in the regime Ao S> 1, we find that m £j 7v and 
mo, £ have the same limit, that is m\. The case A" = N Q ~ is treated analogously, and we deduce 
in both cases 

(5.13) \m £jN -m , £ \<O(—). 

Assume then that h ex < 0(|log e|), from (|5.3p and (|5.13p . we deduce c £) at = o(h ex ), which 
proves (|5.12p . If h ex 3> |log e\, then mo j£ ~ 1 and 2itNq ~ /i e x|^| hence combining with (|5.3p 
and (|5.13p . we find c £i jv = 0(1) which also implies the result in this case. □ 
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5.3 Blow-up procedure 

We write for simplicity to £ instead w £i at and m £ instead of m £i jv, when the precise value of 
N € {Nq ,Nq} does not need to appear explicitly. 
Assume (|1.48p holds. Let 

L. 1 



V "ex 

and, assuming 6 oj £ C ft,, write x = £ £ x' . Under this change of coordinates the domain ft 
becomes Q! £ and the subdomain oj e becomes u/ e , both becoming infinitely large as e — > - 
this is obvious for £l' £ and for oj' £ , it is proven to be a consequence of (|1.48p in Proposition 15.6 
below. We call F' £ the expression of F e (u, Ai )£ ) (see (|5.8p ) in terms of the rescaled unknowns 
u'(x') = u(x) and A'(x') = £ £ A\^{x). It is given by 

(5.14) F>(u>,A>) = \ I |V A mf + -^|curl A' - m £ l^| 2 + (1 ~ } ' 



/ Ce'»(u',A') + c e>N (//(«', A') -m e l^), 



where e', £ e ' are given by 

(5.15) e' = y, Ce\x') = /l ex ~ h £jN (x) + C £iA r. 

We also define the blown-up current in £l' £ 

(5.16) j' £ = curl (iu' , V a'u) 

and the blow-up measure fi' £ = fi(u' £ ,A' E ) and extend them by outside Q £ . Note that 
j' £ (x') = £ £ ji :£ (£ £ x') if ji ;£ denotes the current (zu £ ,'Va 1 e u £ ) in the original variables. 

The function h £: N is in C 1,1 (O) and equal to /i ex on <9$7. It attains its minimum h ey jn £ ^ 
on u £tN . From (j53j) . (flTTS]) 

c £jA r = min(/i £iA r - /iex) + »| loge'|, 0/0*0 = ~l logff'l - h £)N (x) + min/i £iA r, 

_■ u Z 

thus Ce' £ C 1,1 ^^)) Ce' = Ce,^ on 9Q' e and £ e ' attains its maximum on uj' £ . Moreover 

(5.17) maxC/ = i|loge'|, ||VC e '||oo < Cy/\ loge'|, 
this last assertion following from (|5.20p in Proposition 15.61 below. 
5.4 Additional results on the splitting function 

In this subsection, we adapt some results from the appendix that we will need below. In the 
appendix we introduce an ellipse Eq of measure 1 and a function Uq > defined in M 2 such 
that 

AU Q = ^ W Q) Wq = 0} = E Q , 



2 

where Q is the quadratic form D 2 ho(xo) as introduced in (jl.3ip . 

The following proposition can be applied to N £ {No, Nq , Nq}. In either case we denote 
by uj £ the associated coincidence set, and by u' £ its blow-up. 



68 



Proposition 5.6. Assume f| 1 . 48 1) holds. Let h £ n be as above with \N — Nq\ < 1. 

1. We have Nq 3> 1, and if h ex — H Cl <C | log e| then Nq <C h cx and 

(5.18) h cx - H Cl ~ A^iVo log 

iVo 

2. For every x 6 Q, 



(5.19) d ( x>We )<c«/i^i, |0\o; £ | <C 1 ' |ioR :/| 



^-ex y ^-ex 

Moreover 

(5.20) ||V/j £)JV |U~(n) < C^cxlloge'l- 

5. 7/K is any compact subset of (An, +oo), 

^ oi\ v K x I d(x,du) £ ) < 6}\ \{h ex m e N < h £jN < h ex m e N + 5h cx }\ 

(5.21) lim ; ; = 0, Iim ; ; = (J 

<5^0 \0J £ \ 8^0 \u> e \ 

uniformly with respect to e such that rgjr^ £ K. 

4- If h cx /\log e\ — > An then there exists {L £ } £ such that for any 5,M > and if e is small 
enough 

f h EjN - minn h e<N \ 

< — * — - — —2 — > M } C x + L £ {U Q >M -5}, 

{ h ex L £ z J 

( 5 - 22 ) f /i^v-mirin/i^v ,,1 r , . , ~ 

| ^ 2 <M|cx + L e {[/Q<M + (5}, 

{<i(x,u;Q C ) > 5L £ ] C u £ C {d{x,uj Q ) < 5L £ }, 

where ojq = xq + L £ Eq and x$ is defined in (|1.3ip . Moreover there is a constant Cn 
depending only on Q such that 

f K no\ r2n r I n ^-cx ~ An|log e| 

(5.23) L £ |logL e | ~ Cn- 



^-ex 

In particular l0 |Jg°^ £ ^ <C L £ | logL e | and £ £ <^ L £ , and from f|5.22|) 
L^|wq| ~ |u; E |, {x | d(x,du £ ) < 5£ £ } < |w e |. 

5. For any i? > 0, 

(5.24) |{x|d(x,(4) c )> J R}|~|4| 
as e — > 0, i.e. ui' £ satisfies (|1.14p . 
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6. We have 

(5.25) Gf = Gf° + O Q=) < C/i cx | log £ '|. 
7/| log e| 4 < /i cx < 

(5.26) Gf = i/i ex |fi||loge / | + o(/i cx ). 

Proof. Proof of item 1: We apply Proposition lA.ll to mo e = 1 — ■ £ ■ ■ We denote by L £ the 
L m corresponding to mo, £ given by Proposition lA.il In particular we have |wo,e| ~ I n that 
proposition ft denotes min/io and is equal to 1 — Moreover h ex — Aojlog e| 3> log |log e\ 

is equivalent to 2 {i- mo ) ~ 2(i-fc ) ^ 10 |log° £ | ^ wmcn i n turn is equivalent to mo, £ — h S> 
l ^fi. From 4MP £ 

(5.27) L2|logL £ | ~27r(m , £ -/i )//i 2 "^ ' ' Io *-' 



fr V2An 2ft 

cx 

Then, since |wo,e| ~ -^ £ and Ao = /i ex mo, £ |wo,e| we have L^\logL £ \ ~ ^|wo, e || log |wo 
lo S ^rfcll and inserting into fl£2ZJ we find 

(5.28) 

1 N A 2tt / 1 [loge^ A vr / 1 

log 7— | ~ "t ttt rr = . r r n-cx - An | log e| + - log /i e 



2 mo, £ /i e x rno,eh e x ho \2Aq 2/i cx / Xnh h ex \ 2 

It follows, since mo i£ > /i > 0, that if (|l,48p holds, we must have Ao S> 1, for otherwise 
the left-hand side is 0(log |log e|) while the right-hand side is 3> log |log e\. Moreover, if 
h ex — H Cl <C | log s\ then mo iE ~ 1 — = ho an d inserting into (|5.28p and rearranging terms, 
we obtain Ao <C /i e x an d (|5.18p . 

Proof of item 2. From (|1.36p , mo )E = 1 — ^ g £ ■ hence using Proposition IA.1I we have 
||V/io,e||oo = h ex \\VH mo e Hoc < C-\//i ex | log e' I . If I A — Aq| < 1 then from (|5.12p we have 

|mo, e — JTie,Jv| ^ I loge'l/^ex an d therefore m £j Ar < 1 — ^ g £ ■ for e small enough. Proposi- 
tion [AT] applied to 771 £j at yields the same bound for V/j £> at, and (|5.19p follows similarly from 
Proposition IA.1I using m £ n < 1 — ■ *? g £ - . 

Proof of item 3. First note that if /i cx /|log e| is bounded above as e — > then |log e| ~ 
I loge'j hence h ex /\ loge'| is bounded as well. Moreover, since | loge'j < |log e|, if h ex /\\og s\ > 
a > Aq then h ex /\ loge'| > a hence if h ex /\log e\ belongs to a compact subset K of (An, +00), 
then /lex/ 1 loge'l belong to a (different) compact subset K' of (An, +00). But, from (jl.36p . if 
this is the case then mo i£ belongs to a compact subset K of (/t , 1). Then from ()5.12p and if e 
is small enough the same is true of m £j 7v, and the result follows from Proposition I A. II applied 
to m £jA r. 

Proof of items 4,5. This is again Proposition IA.ll Indeed /i ex /|log e\ —> An implies that 
m o,e — )■ ho = 1 ~~ 2X77 hence lim £ _>o m e ^ = and (|A.7[> holds, and for any S, M > 0, (|A.8|) 
also if e is small enough. It is easy to check using (|5.12p . (|1.36p and (|A.3p that (|A.7p implies 
(|5.23|) . and (|5.22p is (|A.8|) since /i £i jv - min^ /i £iA r = h cx (H me N - m £)N ). 
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To prove (|5.24p we distinguish the case m £i N — > ho from the case where m £: N is bounded 
away from h Q . In the latter and using Proposition lA.il \uj e jv| is bounded away from and 

\{X I d(x, (w') C ) > R}\ I Wfl I , r 17/ r\ t->„ 1 

11 ' i 11 = V^T* where uj r = {x \ d(x,u; £ c ) > R£ e }. 

Kl Kl 

Since Rt £ — > we have |wr| — |w e | — > 0, proving (|5.24p in this case. 

If Tn e N — > h then mo iE — > h Q , i.e. /i ex /| loge'l — > An, or equivalently /i ex /|log e| — > An- 
Then L £ S> ^ e and therefore, using (|5,22D . 

{d(x,ujQ C ) > 5L £ } CojrC {d(x,oj Q ) < SL £ } 

holds for any R, 5 > if e is small enough. It follows, since \ojq\ = L^, that 

\ur\ ~ \uq\ 

as e — > for any R > 0, which implies in particular (|5.24p . 

Proof of item 6. Combining (|5.9|) with (|5.13|) it follows that 



|Gf -Gf°| 



v 



27r/i ex (m — mo,, 



27r/t ex 



where we have used the fact that N \— > m is increasing and \N — Nq\ < 1. 
The upper bound part of (|5.26p follows from (|5.25p by noting that 



loge'l J fi 0>e + ||/t , e - ^exlllfi < loge'l 



which follows from the minimality of H m(iE in (|5.ip . using 1 as a test function. Finally, for 
the lower bound part of (|5.26p we note that from (|5.19p 



loge'l J fi ,e + \\ho,e ~ h ex \\ 2 H i > I loge'||o;o, e |mo, e 



> | loge'l |0| -Ca 



loge'l I / | loge'l 




2h e 



> | loge'l |0| + o(h ex ), 

if h ex » | log e| 4 . □ 
Remark 5.7. In (|5.18p . we have recovered the formula (9.88) from ISSJ^L 

5.5 A priori bounds 

Lemma 5.8. If(u £ ,A e ) minimizes G £ then 

(5.29) G £ (u £ ,A £ ) < Ch cx \ loge'|. 
Moreover, for any (u £ ,A £ ) satisfying 115. 29\) we have, if N G {Nq , Nq}, 

(5.30) G £ (u £ , A £ ) = Gf + F £ (u £ ,A h£ ) + o(N), 
where F £ is defined in ([57 
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Proof. The a priori bound (|5.29p is a consequence of the upper bound in Theorem [71 see 
Corollary 17.11 For the other relation we observe that, since V/i £j at is supported in f2 \ uj £ , it 
follows from ([5T20]l - (pU9]l that 

(5.31) f IV/^I 4 <ChJI 2 \\oge'f 2 . 

Jn 

We then claim that 

(5.32) / (1- \u\ 2 )\Vh £jN \ 2 = o(h ex \uj £ , N \). 

Jn 

Indeed we have /q(1 — l u | 2 ) 2 < e 2 G £ {u,A) < Ce 2 h ey \\oge'\. Applying the Cauchy-Schwarz 
inequality, it follows from f)5.31[) that 

f(l- \u\ 2 )\Vh £ , N \ 2 < Ce^h ex \\oge>\\\Vh £>N \\ 2 L 4 < Ceh cx V 4 \loge'\ 7/ \ 
Jn 

If ^ex < C|log e| this is o(l) hence o(N). If |log e\ <C h cx <C l/e 2 then h ex \oj £ ^\ ~ ^. ex | £7 1 
and this is also o(h ex \co £ ^\)- (|5.32p is proven, since we recall that 2-kN = m £ ^h cx \ui £ ^\ with 
(^21) . Then ([530]) follows from (|57|l . 

□ 

We also note some consequences of the second Ginzburg-Landau equation (|1 .47j) . 

Lemma 5.9. Assume that (u £ ,A £ ) satisfies (|1.47p . Then, letting A\ £ = A £ — V^/i^at and 
ji,e = j{u £ ,A 1:£ ), we have 

lldiv j'i, E ||jf-i(n) = o(N) 

(5.33) ||curlji )£ - n{u E ,A e ) + curl 4i, e ||#-i(n) = o(N). 

Proof. By definition of j\ :£ and Ai j£ we have ji )£ = (iu £ ,V a £ u £ ) — \u £ \ 2 V- L h £j N- It fol- 
lows that div j\ :£ = div (iu £ ,V a e u £ ) + div ((1 — \u £ \ 2 )V ± h £ ^)- If (|l-47p is satisfied then 
div (iu £ ,X7 a e u £ ) = and div j\ j£ = div ((1 — |ii e | 2 )V- L /i e .7v). On the other hand, combining 
(|5.32|) with \u £ \ < 1 we find 

(5.34) [ {l-\u £ \ 2 ) 2 \Vh £<N \ 2 =o(N). 

Jn 

It follows that 

ll div 3l,e\\H-i(p) = o(VN). 

By direct calculation we have [i(u £ ,Ai t£ ) — fj,(u £ ,A £ ) = curl((|u £ | 2 — l)V _L /i ei Ar) and since 
fj,(u, Ai j£ ) = curlji )£ + curlj4i i£ , (|5.33p follows again from (|5.34p . 

□ 



6 Proof of Theorem [4], lower bound 

In this section we state the key result from [SS3j which we need in order to apply the framework 
of Section[2]to the minimization of the Ginzburg-Landau functional as explained in Section fLHl 
In paragraphs 2 (resp. paragraph 3) we use it to derive the lower bound part of Theorems 0] [5] 
in the case of moderate (resp. high) applied fields. In paragraph 4 we prove Theorems U] and 
[5] assuming the upper bound of Theorem proven in Section [71 
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6.1 Mass displacement 

There are two problems which arise when trying to apply the abstract scheme described in 
Section[2]to the Ginzburg-Landau energy. The first, and less problematic one, is that F £ is not 
translation invariant. Indeed l u i and £ e are constant only in the subdomain u)' e . Therefore 
we need to reduce to integrating on u' £ rather than Q' £ . 

The second, more delicate problem, is that the integrand in F £ is not positive, and not even 
expected to be bounded below uniformly as e — > 0: Each vortex creates in F e two terms which 
get infinitely large as e — > and which balance each other. To capture the difference in the 
limit we need to absorb the negative part in the positive part to obtain an essentially positive 
integrand (this will by the way solve in essence the first issue). Note that the cancellation is 
not a pointwise cancellation of the different terms: While the negative contribution is very 
concentrated near each vortex, the positive one is more spread out. 

The method, introduced in [SS3] is the same that we used in Proposition 14.91 in a simpler 
setting, so the reader can refer to that section for an idea of it. 

Let us denote the free energy functional 

(6.1) G° e (u,A) = e£ , e £ = I|v AU | 2 + I(curl^) 2 + i L(l-|n| 2 ) 2 , 

where il e is a smooth domain depending on e and large as e — > 0. 

We now state the result of [SS3] for the sake of completeness. It contains (in a slightly 
different form) Theorems 1 and 2, as well as Corollary 1.1 of [SS3J. 

First, /+ and /_ will denote the positive and negative parts of a function or measure, 
both being positive functions or measures. If / and g are two measures, we will write / < g 
in the sense of measures to mean that g — f is a positive measure. 

For any set E in the plane, E will denote the 1-tubular neighborhood of E in £l e i.e. 

E = {x E ft £ ,dist (x,E) < 1}. 

This way 

dtt £ = {x G n £ , dist (x, dQ £ ) < 1}. 
For any function v on Q £ we denote (notice the absolute value) 

v(x) = sup b(y)|- 

y6B(x,l)nfi e 

Note that here the choice of the number 1 is arbitrary. 

Theorem 6 QSS3J). Let {ft £ } £> o be a family of bounded open sets in M?. Assume that 
{(u e ,A £ )} £ , where (u e ,A £ ) is defined over Q £ , satisfies for some < (3 < 1 small enough 

(6.2) G° £ (u £ ,A £ ) <e-P. 

Then for any small enough e, there exists a measure g e defined over Q £ and a measure u £ 
depending only on u e of the form 2ir ^ di5 ai for some points a% G f2 e and some integers d{ 
such that, C denoting a generic constant independent of e: 

1. We have 

(6.3) \\fi(u £ ,A £ ) - u £ \\ {c o,i {Qs) y < Cy/eG £ (u £ ,A £ ), 
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2. The following inequality holds 

-C <g £ <e £ + ^\\og e|(i/ e )_. 
5. For any measurable set E C fi e , 

(6-4) < (&)+(£) < Ce £ (£). 

I log e| 

^. Letting 

fs = e £ - -|log e|f £ , 
/or every Lipschitz function £ vanishing on d£l £ and every < rj < 1 we have 

(6.5) / £d(/ B -9e)<C f V£ [d|i/ 6 | + (/? + ??) d( 5e )+ + dxl + C / £e e . 

5. For any measurable set E <z£l £ and every < n < 1 we have 

(6.6) N(ii3<c(,rt»M3 + -iai + * ( f n ^ ) ). W(£)<cf% 

\ n | log e| y | log e| 

6. Assuming \u £ \ < 1 inVt £ , then for every ball Br of radius R such that -Br+c C £l £ and 
every p < 2, 

! \j £ \ p <C p {(g £ ) + (B R+c ) + R 2 ). 
Jb r 

7. Assume \u £ \ < 1, that dist (0, <9$7 £ ) — > +oo as e — > and that for any R > 

(6.7) limsupp e (Uii) < +oo, 

E-S>0 

where XJr is any family satisfying fl,^[ )- (jl.5p . 

Then, up to extraction of a subsequence and for any p < 2, the vorticities {fi(u e , A e )} £ 
converge in W l ~^ ,p (M. 2 ) to a measure v of the form 27r^ pgA o" p , where A is a discrete 
subset ofM?, the currents {j(u £ ,A £ )} £ converge weakly in L P oc (M?, M 2 ) to j, and the 
induced fields {cm\A £ } £ converge weakly in L 2 oc (R 2 ) to h which are such that 

curl j = v — h, in R 2 . 

8. If we replace the assumption (|6.13p by the stronger assumption 

limsup0 e (Ufl) < CR 2 , 

where C is independent of R, then the limit j of the currents satisfies, for any p < 2, 

(6.8) limsup-f \j\ p dx < +oo. 

R^+oo J\J R 

Moreover for every family xu R satisfying U.3\) we have 

where 7 is the constant in (jl,52p and or(1) is a function tending to as R — > +00. 
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The main point is that g £ is a modification of f £ = e £ — ^|log e\v £ with a small error 
(measured by (|6.5|) ) which, contrarily to f E , is bounded below according to item 2. 

Now, using the notation of Sectional we blow up at the scale i e = \/h ex , letting x' = £ £ x, 
e' = e/£ e , and 

(6.10) u' £ (x') = u £ (x), A' e (x') = e £ (A £ (x) - V ± h £<N (x)). 

Then we deduce from Theorem [6] applied in {figje to {(u' £ , A' £ )} £ 
Proposition 6.1. Assume that as e — > 

Ae[An,+oo], log |log e\ < h ex - A^|log e\ and h cx < 



|log e| 

where f3 is small enough, and that G £ (u £ , A £ ) < Ch cx \ log e'| . VFe ako assume that (|1.47p 
holds. Then there exists N € {A^iV^} smc/i t/iat there exist measures {g' £ } £ defined on £l' £ 
satisfying the following four properties, for any family {Ur}r of sets satisfying (jl.4p . (|1.5p 
and any family of functions {xu r }r satisfying (|1.3p . 

1. <?g is bounded below by a — noi necessarily positive — constant C independent of e. 

2. Defining F' e as in (|5,14p we have, writing oj' £ for lo' £ n and letting Co' £ = {x \ d(x,oj £ c ) > 
2}, 

(6.11) limi nf F '«'f -*W»>Q. 

and for any 1 < p < 2, 
(6.12) 

/ |j;r<C p (F;«,4) + K|), -L / |curl4-m £ l^| 2 <C(F;«,4) + K|), 

where j' e := (iu' £ ,V a' e u' £ ). 

3. If {x' £ } £ satisfies dist (x' £ , (oo' £ ) c ) — > +oo and 

(6.13) VR > 0, lim sup a £ (x' £ + U R ) < +oo, 

then, up to extraction of a subsequence, the translated vorticities {fi £ (x' £ + -)} e — where 
// e := n{u £ ,A' £ ) - - converge in W l ~^.' p (M. 2 ) to a measure v of the form 27r^ pGA <5 p , 
where A is a discrete subset ofM?, and the translated currents {j' £ (x' £ + -)} £ converge in 
L p oc (M?, M. 2 ) for any p < 2 to j such that div j = and curl j = v — m\. 

4- If, in addition, we assume that there exists C > such that for any R > 

(6.14) limsup^#^<C, 

e^O |Ur 



then j 6 -4 mA (14. mA is defined in Definition ] 1.1\) and 
(6.15) limsup-f \j\ p dx < +oo, 



and 



.16) liminf liminf /" Xu fl (^ ~ ^t) dg' (x) > limsup ^—^^^ + —m\. 

R^oo e^O \U R \ J |Ur| 2lT 
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Proof of Proposition [23 We apply Theorem [6] to {(u' e , A' £ )} on £l' £ . First, we check that (|6.2p 
holds. Since A' £ (x') = £ £ {A E - V x h eN )(x), 



G° e ,(u' £ ,A' £ )= 1 - [ \V A£ _^ heN u £ \ 2 + i 2 £ (^lA £ -Ah £ y 2 ^ 



2\2 



2e 2 



<2G £ {u £ ,A £ ) + [ |V/i e ,7v| 2 + T^-|/iex + M 

Jf2 "ex 



e,N — h £ n\ 2 , 



using the fact that —Ah £: N = Me.iV — h e> pf. If N £ {N ,Nq}, then (|5.25[) implies that 
1 1 /lex - fre,Ar||tfi < C'/iexl loge'l, while 



ex ' ' l e 

u ex Jf7 



h ex m £ 2 < Ch e 



Therefore, if /i ex < e' 13 and G £ (u £ , A e ) < Ch ex \ loge'\, then G°,«,A' £ ) < Ce' 2f3 if e is small 
enough. We conclude by noting that if h ex < e~5 then e' < e 3//4 hence if /3 is small enough, 
Theorem [6] applies. 

It gives us a spread out density (g £ )o of e' £ and a measure v' £ = 2n £\ di5 ai depending only 
on u' e , hence on u £ , but not on our choice of N. Noting that t^i/' £ (Q £ ) is an integer, we let 



((5J7) i N = K if ^F^(^) > AT+ 

\N = N if < N 

and this is the choice of N we make from now on. 

Testing n(v! £ ,A' £ ) — v' £ against Ce' — Ce,N which is in Cq' 1 ^^.), we find, in view of (|5.14p 



(6.18) F' £ {u' £ ,A' £ ) = \ f |V A ,<| 2 + i I |curl4-m £ l < | 2 + (1 

- ( £ 'dv' £ + c £ , N (dv' £ - m E lu> e ) +o(l). 

Note that m £ |u^.| = /i £j at(u; £) 7v) = 2nN . But, from the choice (|6.17|) . if ^-u' £ (Q, £ ) > then 
we have N = Nq > Nq and thus c £) jv > by (|5.4p . hence 

c £>N [ (dv' £ - m £ l w /) > 2vrc £ , 7V (A r o + -N) = 0. 
If on the other hand ^v' £ {Q! £ ) < Nq then by (|5.4p we have c £i jv < hence 

c £ , N [ {dv' £ - m £ l w /) > 2vrc £ii v(iV - - N) = 0. 
So in both cases, the last term in (|6,18p is nonnegative and we are led to 

(6.19) Fi«,4)>J / |V^4| 2 + i I |curl4-m £ l^| 2 + (1 ~ )2 - / C/*4 + °(l)- 



76 





To the spread out density (g' £ )o we add 



1s i 

^e)l = j2 ( CUrl A 'e ~ m £^) 2 ~ ^( cm ' lA 'e) 2 



and call the result g' £ . Using the notation (|6.ip we may rewrite (|6.19p as 
(6.20) F>(u> £ ,A' £ )> [ e ^ + (^)i-/ £^ + 0(1). 

We now check that g' £ satisfies the required properties. Since m £ 6 (0, 1] we have that 
(g' £ )i is bounded below by a universal constant if, for instance, i e < 1/2, which is true for 
small e since lim^o^e = 0. 

1. Since (g' £ )o and (g' £ )i are both bounded below by a constant independent of e', so is g £ . 

2. Item 2 will be proven in full below. We prove here the case Aq < A < +00, which is 
technically simpler. Using fj = e' £ — \ \ loge'l^, rewrite (|6.20p as 

(6.21) F>(u> £ ,A> £ )> [ eC+ / (1-04+/ + 

where £ = 2Q'/\ loge'|. Then, from (|6.5p applied to — £ and since from (|5.17p . we have 
£ = 1 on oj' e , it follows that 

(6-22) / M>! Z d(g' £ ) - \\VZWoo f d(\v' £ \ + (g £ )+). 

Since again £ = 1 on Wg, we may write 



(6.23) / f d(i/ 6 )o = &)o(4) + / M)+ - / £ d(^ e )o • 

Let A = n^V^'e n {£ > 1/2}. Since, from (157171) . ||V£||oc < C4, we have A C 1 := 
{£ > 1 /4} \ o)g if e is small enough. Using ()6.6p with 77 = 1 we deduce that 

(6.24) K| n {£ > 1/2}) < C(^)+(i) + CK| < C / td(g' £ )+ + Cfc ex . 
The same bound is trivially true for (g £ )Q (fl £ \ oo' £ n {£ > 1/2}) . 



On the other hand, letting B = Q' E \ uj' £ PI {£ < 1/2}, we have £ < 2/3 on I? if e is small 
enough, therefore using (|6.6p we find that 

(6.25) |^| n {£ < 1/2}) < Ce e ({i < 2/3}) < C J (1 — £)4 



*At this point we could also choose iV to be jrfe^i) i- e - the total degree of u e . Then the term in factor 
of c e ,jv in (|6.18|l is 0, and we still have (|6.19|l . We may then proceed with an unchanged proof of the lower 
bound with that TV. Alternatively, we may analyse further the positive term c s ,n f n , {d.v' e — m s l u ' e ) that has 
been discarded. 
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and the same bound is true for (g £ )Q ( fi e \ uj' £ n {£ > 1/2} J , using (|6.4p . We have thus 
obtained that the negative terms in the right-hand side of (|6.22p can be absorbed (since 
||V£||oo < C£ £ = o(l)) in the positive terms of ()6.2ip and ()6.23p . There remains to 
absorb the negative term of the right-hand side of (|6,23|) . 

Moreover for any n > and letting A n = {£ > 1 — 1/n} we have if e is small enough 
that C A\ n and C/|log e\ < I /An. Thus, splitting into A n and A^, and using the 
fact that (g £ )o < C and (|6.4[) we have 

(6.26) / C^)o < j^4(^) + &)o(4A&e) < ^ / (l-Oe' £ + C\A n \(Jj £ \. 

Using the fact that ||V£||oo = (1)) an d the fact that (g' e )i > outside u' £ and is bounded 
below by — C in u' £ \ Co' £ we deduce from (|6.21|) - (|6.26p that for any n > 

F £ (u' £ , 4) > (<7 £ )q(u> £ ) + (i/M&s) - C\A n \ u e \ + (|log e\). 

Then ()6.1ip follows by dividing by \co' £ \ and taking the limit first as e — > and then as 
n — > +00, noting that from (|5,15p . (|5.3p . (jl.36p . we have 



A n \ tb £ 



f r- ' 1 a( > c \ / 0-1 , 1 / <- 1 1 / h e>N {l E x) |loge'| \ 
{x G w e I d(x, w £ ) < 2} U 1 £ w £ m £:N < < m £:N H f 

L "ex ATI ) 



and thus — using Lemma (|5.21|) — that limsup^Q ny^^r tends to as n — > +00. 

I lOg £\ 

3. For notational simplicity, we assume x' £ = 0. Since (g' £ )i is bounded below, J Ufl g' £ 
being bounded above independently of e for any R > implies that the same is true 
for fu R (g' £ )o hence (j6.7|) is satisfied and from item 7 in Theorem [6] we deduce the 

convergence of the currents (locally weak L p ), vorticities (W^ c ' p ) and fields (weak L 2 oc ) 
to j, v and h satisfying curl j = u — h. Since we assume (|1.47p we have div j(u £ , A £ ) = 0. 
But a direct computation (see Lemma [5T9|) gives div ji j£ = div j(u £ ,A £ ) + div ((1 — 
|'U £ | 2 )V" L /i ei 7v) = in w £i at since V/i £j tv = in ui £ ^- At the blown-up scale this means 
that when d(0, (uj £ ) c ) — > +00, we have for any R > and e small enough div j' £ = 
in Br. We deduce that div j £ — >• strongly in W lo ^ ,p (K 2 ) and thus div j = . Since 
curl j £ = /x £ + curl^4 £ we also have that curlj £ is compact in W^' P (M. 2 ) for p < 2. It 
follows that j' £ is compact in L p oc and the convergence of j £ is strong. 

Moreover we have 

(6.27) limsupf ( —= (cut\A' £ - m £ \^) 2 - ^(curl^) 2 J < +00 

e^o J\3 R V4 2 / 

for every R > 0, from which we easily deduce that the limit h of {curlA £ } £ is equal 
to rn\, where A G [A^,+oo] is the limit of 7t ex /|log e|. Indeed under the hypothesis 
d(0,(uj £ ) c ) — > +00, we have m E l u r s (x' E + ■)—>■ m\ locally from (|5.12p . We thus have 
curlj = v — m\. 

4. Again we assume x' £ = 0. The hypothesis that lim sup £ ^ $\j g' £ is bounded above 
independently of R implies as above that the same is true for lim sup^g f\j (fl£)o- 
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Then item 8 of Theorem [6] applies and we obtain (|6.8j) , hence (|6.15p , and from (|6.9p we 
get 

< 6 - 28 > w / ^ <«>« ^ n^H + - 2 + - + 

where lim^ +00 o_r(1) = 0. On the other hand (|6.2T[> implies that curlA^. — > ttia locally 
strongly in L 2 , hence 

Together with (|6.28p . this proves (|6.16p . 

To prove that j G ^4 mA we integrate curl j = u — mj over -Br+j and £?R_i to obtain 
7rm A (ii -tf+ ( j-T = v(Bnr-t) < v{Br) < v(B R+t ) = -nm x {R + tf + [ j- r. 



Then, a mean- value argument and (|6.15p . with p = 1, allow to deduce the existence of 
t E [0, v^R] such that 



and we deduce that v{Bp i ) ~ -Km\R 2 as i? — > +oo, and so j G ^ 



ldB R _ t UdB R _ 

□ 

It remains to prove item 2 in all generality using Theorem 

Proof of item 2 in Proposition \6.1\ in the general case. Recall that from its definition (|5.15p . 
Ce achieves its maximum ^| loge'| on u/ s , and is equal to c £j jv on dQ' £ . Thus 

c 

I l°g £ I 

achieves its maximum 1 on and its minimum c e jsr/\ loge'|, which from (|5.12p is o(l), on 

an' £ . 

We let 

£i = {x e Q' £ , £ > l - 6}, E 2 = {xefi £ ,£>l- 25}, 

and recall that 

oj' E = {xe w^dist (x, (u4) c ) > 2}. 
We will need the following lemma. 
Lemma 6.2. For any M > and e small enough there exist 5 > such that 

(6.29) J> M^~^' ^ lCjB 2' 1^1 > M l^2\4l- 
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Proof. First we treat the case where /t ex /|log e\ — >• A € (An, +00]. In this case, using (|5.2ip 
in Proposition 15.61 we find 

lim i{i-2^ ex /|iogg / i<e<i}i = 

uniformly with respect to e < £0, if Eq is small enough. Since /i ex /| loge'| has the same limit 
as /lex/ 1 log e|, it is bounded away from as e — > 0. We deduce easily that 5 may be chosen 
small enough so that 

rfi , m \{l-35h e J\\oge'\<^<l}\ 2 

( j Rl M' 

for any e < eq. 

Then we note, since from (|5.15p we have |V£| < |loge'| ~ 5 , that E\ C -E2 holds for e 
small enough, as well as £2 C {1 — 3<5/i ex /| loge'| < £}. It follows, in view of (|6.30p and since 
ui' £ = {£ = 1}, that for e small enough 

\E 2 \ ui'l 2 

To conclude we note that < \{d(x,du' e ) < 2£ £ }\ = o(\u/ s \), where we have used (|5.2ip 

and scaled. Thus if e is small enough and using (|6.3ip we find \oj' £ \ > M\E 2 \u>' e \. 

If /lex /| log e| - > +00 then we choose 5 = 1/2. As above, ||V£||oo — > implies that E\ C E2 
for e small enough, and of course 5 > M/|loge'| is satisfied for e small enough depending 
on M. Moreover ([5.190 implies that d(u £ ,£l c ) — > as e — > 0, and d(Cb £ ,(uj £ ) c ) = 2£ £ — > 
as well. Therefore |0 \ ui £ \ = o(\ui e \) and after scaling \£l' e \ Cj' £ \ = o{\Cj' £ \) } and in particular 
\E 2 \u' e \ = o{P e \). 

If /icx /| log e| — >■ Aq, we choose <5 = cL^ with c > independent of e to be chosen small 
enough depending on M. From ()5.22p applied with M = and 5 = and rewritten in 
terms of 

& , v -. n h £ , N (l £ x) - minn h e<N 
£{x) = 1 - 2 



log e' I 



we deduce that 



2 ^cx _^ T1 (£ £ x-x \ ^ c + rj 



An I logs' I v V L £ J ~ 2\ n ' 

Therefore, since <5 = cL^ and An = lim e /i ex /| log sr' | , for any 77 > and if e is small enough 



£ 

then 



£ e / 2An 

Since £ e /L £ — > from Proposition 15.61 this in turn implies that if e is small enough and \y\ < 1 
then 

,x — xq i £ \ c + 2rj 



Using ([5.220 again, this implies that £(x + y) > 1 — 2(c + 3rj)L £ . Choosing 77 = c/6 we 
have proven that E 2 C {(, > 1 — 35} if e is small enough. Similarly, we may prove that 
E% C {£ < 1 - 5} = E\. We further deduce that, as e -> 0, 

2 



(6.32) |£ 2 | < 



L^ 2 



2An 



+ O 

\ t 
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/ * 2 



Moreover from item 4 in Proposition 15.61 we have \ui\ ~ ( "2/ ' With ()6.32p . and since 

\{Uq < — > \Eq\ = 1 as c — > 0, and Gj C E2, we deduce that \E 2 \ ^l/l^l can he 
made arbitrarily small by choosing c, and then e, small enough. This proves (|6.29p and the 
lemma. □ 

Returning to our proof, we start from (|6,20p . and we bound from below 

/ e' E -Ce'dis' e . 
Jci' e 

Let Cq be the constant in (|6.6p i.e. such that for any set E <z£l' £ 
(6-33) \u £ \(E) < ^-^(E) 

and assume that Cq> 2. 

For notational simplicity we now write f2, e, u, g, Q, uj £ , £ instead of £l' E , e' £ , u' E , (g' e )o, oj' £ , 
oj' £ , C £ and we let / = e — ^| \oge'\v. Since £ = o(l) on dQ and ||V£||oo = o(l) (recall (|5.12p . 
(|5.17|) ). for any r/ > and e small enough there exists a smooth positive cut-off function x < 1 
such that |Vx| < r), such that x = on < g^} an d such that x = 1 on {£(#) > j^}- 

Moreover, {x \ d(x,dQ) < 2} C {£ < g^}. 

We then note that since / = e — || loge'|z/ and C = ^1 loge'|£, we may write 

(6.34) e - (v = (1 - x) (e - ~£| log£>") + X (£(/ ~ 9) + & + (1 - £)e) . 
S^ep We first study 

(6.35) / x (£d(/-<7) + ££fc+(l-0e) 

= (xtdg+(f xtdg++ f x0--t)e) + ( f Xtd(f-g)- f xtdg-) . 

The first parenthesis on the right-hand side contains positive terms, while the second one 
contains negative terms. We use (|6.4|) . (|6.6p to bound from below the negative terms, and use 
the positive terms to balance them. From (|6.35p and (|6.5p (applied with 77 = 1), and since 
X = £ = 1 on u by construction and % = on {dist (x, d£l) > 2}, we have 

(6.36) / x (Zd(f-g) + £dg + (l-t)e)> [ dg + - [ x(l-£)e+~ [ X H dg+ + h + 1 2 , 

Jfl JCj 4 JQ 1 J(ui) c 



where 



h = ~C I Vbd)dg + + - I xtdg + + \ I *(1 - £)e, 

h = -C f V(Ji)dH- f xtdg- + ] f x£dg+ + \ [ xO--Qe. 
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We first study I\. Since V(x£) = in w, we have {V(x£) / 0} C (£>) c . In addition |V(x£)l — V 
if e is small enough since |x| < 1, |£| < 1, |Vx| < ?7 and |V£| = o(l). Thus, noting that X = 1 
on{C>i}, 

2 / V(x?) dg + <r] dg + + V dg + 

<t?/ Zxdg+ + C V [ {l-()e 

•/(cD) c n{£>±} in 

where we have used (|6.4[) . We thus obtain, choosing r/ small enough, 

/I>~^(l-X)(l~0e. 

We turn to I2 and split the negative contributions over E2 and E^. Using Lemma 16,21 
choosing M large enough and using (|6.4p . ()6.6p and the above, we have 

since E% C -Ef and 5 > M/\ log e'| . 

On the other hand, using (|6.6p with r] = 1 and the fact that V(£x) = in w and 
|V(xOI — V + we have, since J?2\wC£2\w and by choosing 77 small enough, 

/ V(x£)d\v\<Cri f {dg + + !)<-( X £dg + + C V \W 2 \ u>\, 

J E 2 J E 2 \Cj 4 Jii c 

while using the fact that g is bounded below (hence g- < C), we have 

/ x£<fc-<c|£ 2 \w|. 

jQ c nE 2 

Combining all the above, we deduce that choosing r/ small enough we have, if e is small, that 

h>-lj^l-x)(l-Oe-C\E 2 \u\. 

From Lemma f6.2l it follows that VAf > and e small enough, I2 > — — g J*^(l— x)(l— £) e - 
Inserting the bounds for Ix and I2 into (|6.36p we find 

(6.37) / x (£d(f-g) + £dg+(l-£)e)>g(u) + ?r [ x (l-£) e + ± [ x^dg + 
Jn 4 Jn 1 J{cj) c 

-7 / (!-x)(l-e)e- 

Step 2: We examine Jq(1 — x)( e ~~ g^l ^°S e 'l dv). Since |£| < -^j- on the support of 1 — x 
we have there ^ 

e - loge> > e - — | loge'||i/|. 
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On the other hand, from item 2 of Theorem [6] we have g+ < e + ^| log£'||f| hence on the 
support of 1 — x we have 

e _i 5 |i og£> > (1 _^ )e+ ^_.A| log£ <l M 

and thus 

/ (l-x)(e-^|loge / |^)>(l-^r) / 0--x) e +4fi-([ 0- ~ x) ( dg+ - \ loge'\d\u\)) . 
Step 3: Inserting the above and (|6.37p in (|6.34|) we obtain 

(6.38) / e-Cdu> g(u) + - [ x (l - £)e + J / xC^+ 

-l/ n O-x)0-0.-§H + 0-^)/ o (i-x). 

+ ^/ < 1 -*>**-W < 1 -*>*'l- 

Since 0<1 — £<1 + c £j at/| logs'] = 1 + o(l), and Co > 2 we have 
-i/ n (l-x)(l-«e + ^ x( W)e + a-^)/ n d-x)e 



>^(l + o(D)(l 4G 

On the other hand, by ()6,33p and choice of x we have 

I log e'| 



^)-i)/ n (i-x)(i-^ + |/ n x(i-O e >i/ n (i-^. 



e. 



Since |V£| = o(l) we know that {£ < C {£, < \} for e small enough and thus 



l " g ""'' r 0--X)d\u\<l I (1-Oe- 



4C ./<>" v - 3 

We have obtained 



(6.39) 

>l /(l-«)e>0. 

For the terms in f|6.38[) involving g, g + , we use the fact that £ > on the support of x : 

9 ^ + Tr f 0--X)dg+ + l f xZdg+>-^—g + (n)-g-(u>). 
4G Jn 2 7 ((I)) c 16G 
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We may also bound this term below by g(u>). Combining with (|6.39p and (|6.38p we are led 
either to 

(6.40) ! e-Sdv>g(u)-—\u,\, 

where M can be arbitrarily large, or, using g- < C and keeping g f (1 — £)e, to 

(6.41) ( e -(dv>-l-g + (Sl)-C\u\ + ~ [(l-Qe. 

Step 4-' Conclusion. We return to (|6.20p and recall that the letter g stood for (g' £ )o- We 
deduce from ()6,40p 

F>(u' £ ,A £ ) > {g'Mu' £ ) + (g'M^'s) ~ ^141 + o(l). 

Since {g' £ )\ > on Q! £ \ oj' £ , since (g' £ )i > — C on u)' £ and since \uj' £ \ Cj' £ \ = o{\uj' £ \), we have 
(g' £ ) 1 (Q' £ ) > (g' £ )i(Cj' £ ) + o(uj £ ). Then we deduce from (flTiOj) . letting e -)■ and then M -)■ +oo, 
that 

F' £ {u' £ ,A' £ ) > g'M) + o(H\), 

proving (|6. 1 1 j) . 

To prove (|6.12|) we combine (|6.41|) with item 6 in Theorem [H] to obtain 

K(u' £ ,A' £ )>± [ \f £ \P- C \u' £ \ + l I (1-04- 

u p J {d{x,{Q,' e Y)>C} o JQ,' e 

This proves the first inequality in (|6.12p . noting that (1 — £) > 1/2 on {d(x, (£l' e ) c ) > C} if e 
is small enough and that e' £ >\\j' £ \ 2 . Finally, from (KT4Uj) . 

(6-42) ^(4,4) > Cfl£)o(#) + Cfl&M + oM). 

and it is straightforward to check that 

r^(curl^' e - m £ ) 2 onu)' £ 
^(curl^) 2 onn' £ \u' £ . 



(g'eh > 

Therefore 



(cuv\A' £ -m £ ) 2 



which together with (|6.42p finishes the proof of (|6.12j) . □ 



6.2 The case of small applied field 

Here, by small applied field we mean fields h ex that satisfy the assumptions of Proposition 
16.11 We are ready to define the appropriate space and T-converging functions to apply the 
scheme described in Section^ We choose X = L|' oc (lR 2 , R 2 ) x A4o, where .Mo denotes the set 
of measures fi such that /x + C is a positive locally bounded measure on M 2 , —C being the 
constant bounding from below g £ in item 1 of Proposition 16. 11 We consider on L^ oc (IR 2 , M?) 
the strong topology and on Mq that of weak convergence. The space of positive measures 
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equipped with the weak convergence is metrizable hence the space X is a Polish space. We 
will typically denote by x an element of X. 

There is a natural action 6 of M 2 on X by translations: 

Mi(0,s(-)) = (J(A + 0,<7(A + -)) 

which is clearly continuous with respect to the couple (J, g) as well as with respect to A. 

Denoting as above u)' e the rescaled coincidence set, we know from Lemma 15.61 that it 
satisfies (jl . 14j) . Now consider {(u £ , A £ )} £ satisfying the hypothesis of Proposition 16.11 then 
the proposition provides us with measures g' £ defined on Q! e . We also have the rescaled current 
j' e = curl (iu' e , V A' e u' e ) where (u' £ ,A' e ) are as in Proposition 16.11 We define functions {f £ } £ on 
X as follows. 

Having chosen a smooth positive function \ : M 2 — > M. with support in the unit ball and 
integral equal to 1, we let 

f ( x ) = // X ^ V ~ ^ d9 ' e ^ if 3x £ U ' e S,t ' X = ^ X + '" >,9 ' e ^ x + 
I +oo otherwise. 

Note that since j' e and g' £ vanish outside a compact set, there is at most one x such that 
x = (j' e (x + -),g' e (x + •)) unless x = 0, in which case we let f e (x) = +oo. 

The third statement of Proposition 16.11 implies that {f e } e satisfies the requirement of 
coercivity ()1.15p . Indeed assume that {x e } £ is a sequence in X such that 

(6.43) limsup / f £ (0 A x £ ) dX < +oo 

£-S>0 JB R 

for every R > 0, then in particular this integral is finite if e is small enough, which implies 
that f e (#A x e) < +o° f° r almost every A G Br. Thus there exists {x £ } £ such that x e = 
(j' e (x £ + -),g' e {x £ + •)) and A + x £ G ui' £ for almost every A G Br, when e is small enough. In 
particular the distance of x £ to M. 2 \ uj' £ is larger than R for e small enough, and (|6.43p reads 



V-R > 0, limsup / / x{y ~ A — x £ ) dg' £ (y) dX < +oo. 
£^0 J b r J 

Integrating first w.r.t. A we find 



limsup / xr(v ~ x £ )dg' £ (y) < +oo, 

e^O J 



where \R = X * 1b r - 

Since g' £ is bounded from below independently of e, and since xr 1S a positive function 
equal to 1 on -Br_i, this implies that the second part of (|6.13f) is satisfied. Thus, up to a 
subsequence, the currents j' £ (x £ + •) converge in L^ oc (R 2 , M 2 ). Going to a further subsequence, 
{g' £ {x £ + -)} £ converges in A4. 

Finally, x was chosen smooth, it is clear that the r-liminf requirement (|1.16j) is satisfied 
if we define the function f on X by 

(6.44) t(j,g) = J X dg. 

Now Theorem [3] applies and combined with Proposition 16.11 gives: 
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Proposition 6.3. Assume that {(u £ , A £ )} £ satisfy (jl.47p and 

G £ (u £ ,A £ )< min Gf + CN 

Ne{N t y,N+} 

for some constant C, and assume h cx satisfy the hypothesis of Proposition Wl\ and (|5.29|) . 
Let (u' £ ,A' £ ) and N be as in Proposition \ 6.1[ Using the notation above, and letting P £ be 
the probability measure on Lj^ c (M 2 ,IR 2 ) which is the push-forward of the normalized uniform 
measure on uj' e by the map x i— )■ j' e (x + ■), we have the following. 

1. A subsequence of {P £ } £ weakly converges to a translation-invariant probability measure 
P on Lf oc (M 2 ,R 2 ) such that P-a.e. j £ A mx . 

2. For any family {Ur}#>o satisfying (jl.4|) . (|1.5|) . we have 

F'(n! A') f 'v 

(6.45) liminf e \ e ' e) > / W v {j) dP(j) + m x ^- 

and 

(6.46) G £ (u £ ,A £ ) >G? + n(^-J Wu(j) dP(j) + 7 + o(l)^ . 

Remark 6.4. W^e claim that under the hypothesis of this proposition, the limit of P £ which 
is the image of the normalized Lebesgue measure on uj' e by the map 

cp:x^ j' £ (- - x) 

is unchanged if, in the definition oftp, we replace A' £ (y) = £ £ (A £ (x + £ £ y) —V- L h £ ^(x + l £ y)) 
by £ £ A £ (x + £ £ y) , i.e. define P £ as in Theorem^ 

Indeed, denote by ip the corresponding modification of ip and by Q £ the ensuing modification 
of P £ . From (|1.14p , there exists u>' £ such that Q e + Br C uj' £ for any R > if e is small enough, 
and such that \uj £ \ ~ \uj' £ \. Since Cu' £ C u' £ and \ui' e \ ~ \uj' e \, replacing oj' £ by lu' £ in the definition of 
either P £ or Q £ does not change their limit. Then, since \/- L h £ ^(x + £ £ y) = for any x G lj' £ 
and y E Br and if e is small enough, we find that P £ and Q £ , seen as measures on L p (Br), 
coincide if e is small enough depending on R. It follows that their limits in L^ C (M 2 ,IR 2 ) are 
equal, proving the claim. 

Proof of Proposition \6.3[ It is immediate that (u £ , A £ ) satisfies the hypotheses of Proposition 
16.11 Let N be given by Proposition 16.11 By Lemma 15.81 we have, for that N, G £ (u £ , A £ ) = 
+ F £ (u £ , A ly£ ) + o{N). But from the upper bound assumption, G £ (u £ ,A £ ) < G^ + CNq 
so we deduce 

F £ (u £ ,A u ) < CN ~CN = 0(h ex \oj e , N \). 

In blown-up coordinates, this means F £ {u' £ ,A' £ ) < C\u>' £ \. 

On the other hand, from ()6.11|) in Proposition 16. 1\ we have 

F £ (u' £ ,A' £ )>g'M)-o(\u' £ \), 

where we recall Cj' £ = {d(x, {oj' £ ) c ) > 2}. Also, since Jx = 1, since \ nas support in B\ and 
since g' £ is bounded below, 

g'M)> I Wxj £ ,O x g' £ )dX-o(\u;' £ \), 

Ju)> e 
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where u' £ = {d(x, (w' e ) c ) > 3}. Combining these facts, we have 

F £ (j' £ ,g' £ ):=-f f £ (6 x j E ,e x g £ )d\<C 

and we now apply Theorem [3] to these functionals. We deduce that the measures {Q e } £ , 
where Q £ is the image under 

x^ (j' £ (x + -),g' £ (x + -)) 

of the uniform normalized probability measure on u>' e , converge to a translation invariant 
probability measure Q on X and 

liminf F '^ fe) > f ( lim I f(0 xX )) dQ(x). 
\uj' e \ J x \R^+™Ju R 7 

Moreover, since from (|1.14p we have \uj' £ \ ~ \oj' e \, we may replace u' £ with uJ £ in the definition 
of Q £ and obtain the same limit. But, writing as above Xu R = X * lu H) we have as above 
from (frill]) 

lim f i(9 x x)d\= lim — — / xu R (x) dg(x), 

R-++°°JXJ R R-^+co \ \J R \ J 

where x = (j,g). Now, if f(x) is finite and x is in the support of Q, then there exists (see 
Remark ll.6p a sequence {x £ } £ such that (j £ (x £ + •), g' £ (x £ + •)) converges to x in X, with (|6.14|) 
satisfied with U^. It follows from Proposition 16.11 that j £ A mx and that (|6.16p is satisfied, 
thus 

D liin TTT — T / Xv R (x)dg(x) = lim lim— - / xv R (x - x £ ) dg' £ (x) 
if,— s>+oo \ *Jr\ J R— >+oo e->0 \ \Jr\ J 



> hmsup +m A - = W u {j) + m x — . 



Letting P e (J) and P(j) denote the marginals of the measures Q £ and Q with respect to the 
first variable, we immediately deduce that P £ — >■ P and that (|6.45p is satisfied. Replacing 
(|B35D in flESID we find (16^61) . since |^| = ^ ex |w £) jv| = = + o(iV). □ 

Remark 6.5. As in Remark 1 2. 3\ we can also obtain a result of equipartition of energy of F £ 
on oj £ . 



6.3 The case of larger applied field 

We prove that the conclusions of Proposition 16.31 hold for larger fields as well, that is fields 
which do not satisfy the assumptions of Proposition 16.11 The technical difficulty is that the 
applied field is too large to have the energy upper bound that is needed to apply the result of 
Theorem [6l so we use the strategy of [SS4] Chapter 8: average over smaller balls where most of 
the time the local energy is small enough to apply Theorem [6] and the result for small applied 
fields. Note that in this regime, by item 6 in Proposition 15.61 we have for N G {Nq , N^}, 

g n = G N + o(/lex) = i\ n \ hex \ loge '| + o(/lex) . 

Proposition 6.6. Assume that 

| log e| 4 <C h cx < 1/e 2 
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and that G £ (u £ , A £ ) < ^7p|f2| | log e'| + Ch ex . We also assume that \u e \ < 1 and that A e is a 
critical point of G £ (u £ ,-). Then, using the same notation as in Propositions \6.1\ and 1 6. cH we 
have, for any U 

(6.47) G £ (u e ,A £ )>±\n\h cx \loge'\ + \n\h ex Q' W v (j) dP(j) + ^ + o(l)) , 

and P-a.e. j G Ai- 

Step 1: Blow-up. The proof follows the ideas in Chapter 8 of [SS4t ISS5j . We recall the 
rescaling formula from there. Define x = x/a and 

u £ (x) = u £ (x), A £ (x) = aA £ (x), Q = — , e = -, h ex = a 2 h cx . 

a a 

Then, denoting B° = B(x,a), we have up to translation G £ (u £ , A £ , B°) = G £ (u £ , A £ , B^), 
where G £ (u £ , A £ , B°) denotes the Ginzburg-Landau energy restricted to B%, and 



G £ (u £ ,A £ ,B 1 ) = ^jf \V A u £ \ 2 + ^ (curli £ - h^ + 1 



7, |2\ 2 



2e 2 

As in [SS4j, Chap 8, if |log e| 4 < h cx < 1/e 2 we may choose a <C 1 such that 
(6.48) h cx = (logs) 4 | loge| ~ | logs' |, 

so that a 2 log 4 - = e 2 h ex . □ 
Step 2: Fubini. We give a formulation of the energy which follows from Fubini's theorem: 

G £ (u £ ,A £ ,B%nn) 



(6.49) G £ (u £ ,A £ ,n) = [ 

Jx&R 2 



\B a \ 



Note that if we restrict the integration to the set Sl a of those x's such that B° C £1, then we 
have an inequality. 

For x E £l a we define P £ to be the push-forward of the normalized Lebesgue measure on 
B° by the map x i-)- f £ (jr + •), where again j' £ = (iu' £ ,V a' £ u' £ ), and u' £ ,A' £ are as in (|6.1U|) . It 
is an element of 7, the set of probability measures on X = L^ c (R 2 , R 2 ). On 7 we define the 
function 

{G ' £ \U £ , A £ , Bf.) /l cx , , fi -, , n r,x 
m -2-IIogel rfHzG^s.t. P = P= 
+oo otherwise. 

We also define Q £ to be the push-forward under x h-> P^ of the normalized Lebesgue measure 
on Qfj. It is a probability measure on T. Now (|6.49p becomes, after subtracting ^plf^l loge'|, 

G £ (u £ ,A £ ,n) - ^\n a \\loge'\ = \n a \ [ f £ (P)dQ £ (P). 

Note that since \Q, \ = O(o~), and since o~\ loge'| = o(l) — this easily follows from 
(|6.48p — we deduce from the above that 

(6.50) G £ (u £ ,A £ ,n)- f ^\n\\loge'\=o(h cx ) + \n a \ [ i £ {P)dQ £ {P). 

□ 



88 



Step 3: V -convergence of -^—{ £ . Assume that P £ is a probability measure such that f E (P e ) < 
Ch ex and that P e G 5 converges to P. Then since f E (-P e ) < oo, there exists for each e some 
x e G fi CT such that P £ = P £ e and 

UPe) = ^ £ - 2"|loge| 

(6-51) =^2^ j^j 2- |l0g£| J 

1 / G £ (n £ ,i £ ,P| g ) h ex \ 
a 2 \ l^i | 2 |iog£| J • 

Since f E (P £ ) < Ch cx we get 4(^,^,5^) < C(h ex a 2 + h ex a 2 \ log e'|) = C7i ex (l + (loge'l) 

and in view of (j6.48p . note that e' = E\/h ex = e\/h ex , we may apply Proposition 16.31 with e 
replaced by e, /i ex by h ex , etc. This way we find that, N being given by Proposition 16.31 P is 
concentrated on A\ and that 

(6.52) G £ (u £ ,A £ ,B l x J > h\h~^-h ex \\ 2 Bl +vriV|log e / | 



+ h ex \oj £ \ (J Wu(j) dP(j) + ^- + o(l),) 



where h ~ ^ is the solution of the obstacle problem f)1.35|) , replacing f2 with , h ex with h ex 
and e with e ; and H £ n = ~^h-^ + h~ ^, uj £ = Supp(/i-^y). We can further check, since 

h cx = | loge| 4 , that from (|5.19|) . (|5.26|) in Proposition 15.61 we have, as e — > 0, 

(6.53) \uj £ \ = \Bi\ +o(l) \\h g) $ - h ex \\ 2 Hl + vriV|log£ / | = ^ h cx | log e'\ + o(h cx ). 

In (|6.52|) . P is such that P-a.e. j G .4,1, and is the limit of the probability measures 
{P £ } £ . Using Remark 16.41 the measure P is the limit of the image of the normalized Lebesgue 
measure on u £ by 92 : x 1— > j(u x , A x ), where 

Ux(y) = u £ (x + £ £ y) = u £ (ax + £ £ y), A x (y) = £ £ A £ (x + l £ y) = £ £ u £ (ax + £ £ y), 

while P £ is the image of the normalized Lebesgue measure on B-. by the usual blow-up map 
x 1 — V j' £ (x + •) which, changing the variable to x, is equal to the image of the normalized 
Lebesgue measure on B\^ by ip. From \lu £ \ ~ \B\\ and uj £ C we then deduce that {P £ } £ 
and {P £ } £ have the same limit, i.e. that P = P. Then (|6.52|) . (|6.53|) yield 

G £ (u £ ,A £ ,B^) > i^lBilIog — i = + ^ nc |5 1 | C / Wu{j)dP(j) + ^f) +o(h ex ), 
where P = lim £ P £ is concentrated on A\. Then, from (|6.51|) . 

(6.54) liminf ^-f £ (P e ) > [ Wjj{j) dP(j) + 

e^o h cx J 



2vr' 



□ 
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Step 4-' {Qe}e ^ tight. A consequence of (|6.54p and Proposition ^, ll below is that the function 
f e is bounded below independently of e, thus the results of Section apply. The measures 
Q £ are regular from their definition hence given 5 > there exists compact sets K £ in T such 
that Q £ (K £ ) > 1 — 5, and since /i ex -1 / fe(-P) dQ £ (P) < C from (|6,5U[) and the energy upper 
bound, we can also require that h ex ~ l f £ < 1/5 on K £ . 

Now assume P £ G K £ for each e > 0. Then f £ (P £ )/h ex is bounded independently of e 
and therefore from the previous step and after taking a subsequence, P £ — > P. This shows 
that the hypotheses of Lemma [2. II are satisfied and thus that any subsequence of {Q £ } £ has a 
convergent subsequence. In addition, we deduce that Q-almost every P satisfies that P-almost 
every j G A\. □ 

Step 5: Conclusion. Combining the convergence of {Q £ } £ and (|6,54p . we deduce with the help 
of Lemma 12.21 that 

(6.55) limmf ^- j f E (P) dQ £ (P) > j (J W v (j) dP(j)\ dQ(P) + ^. 
It remains to show that 

(6.56) 1(1 Wu(j)dP(j)) dQ(P) = [ Wu(j)dP(j), 



where P = lim e P £ and P £ is the push-forward of the normalized uniform measure on uj' £ by 
the map x i— ¥ j' e (x + •) where j' £ is the current defined from (|6.10p . 

But, if ip is a continuous and bounded function on X, by definition of Q £ we have 

J pdP £ = j (J vdP^j dQ £ (P)+o(l), 

since \oj' £ \ ~ $l a . Hence, passing to the limit, we find 

JcpdP = J (J^dP^J dQ(P). 

It is straightforward to check that this equality extends to positive measurable functions, and 
in particular to W, which was proven to be measurable in Proposition This proves (|6.56p . 
In addition since Q almost every P satisfies j £ At, and since P = J PdQ(P), we also have 
that P almost every j G A\. Renaming P by P, and since ~ as e — > 0, combining 
flESOD, (f635D and (15361) proves (l6T4Tjl . □ 



6.4 Proof of Theorem [5] 

We may now combine the results of Propositions 16.31 16.61 Lemma 15.81 and the upper bound 
of Theorem [7| below to prove Theorem [SJ 

Assertion 2 of the Theorem is part of Theorem [7] below. 

For Assertion 1, in view of Remark 16.41 propositions 16.31 and 16.61 imply, for a suitable 
choice of N G {Nq , Nq}, the convergence of P £ to a translation invariant measure P on L^ oc 
such that (TP9j) holds. 
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We next prove (|1.50p . We have seen in the subsections just above that the upper bound 
condition implies F £ (u £ , A\ )£ ) < Ch cx \uj £ ^\ or, blowing-up, F £ '(u' £ ,A' £ ) < C\lu' £ \. We may 
write fi(u £ , A £ ) — {i £j n = curl ji. e + a + /3, where 

a = curlvli ie - fj, EjN , (3 = fi(u £ ,A £ ) - cui\A lte - curlji i£ . 

From (|6. 12|) we have ||a||| 2 < C(F e '+ \u/ e \) < C/i e x|^£,Jv|j hence ||a||w-i, P < Cy/~N. The same 
bound holds for /3 from flES}. Finally, from ffTTSJl .'we have / \j'\ p < C{F' £ + \<J e \) < CN. 
Rescaling this relation, we get 

\\j\\lp{q) < h^-p\\j'\\ L p {n > e ) < Ch^-pNp < Cm 

where we have used the fact that N < fec |j^ < Ch ex . Therefore ||curlji )£ ||^r-i, P < Cy/~N, 
which concludes the proof of (jl.50p . 

It remains to prove the statement concerning minimizers {(u £ ,A £ )} £ of G £ . In the case 
of small applied fields h ex < , Corollary 17.11 gives G £ (u £ ,A £ ) < mm Ne ^ N - N +y + CN$ 
hence Proposition 16.31 applies. Comparing the lower bound (|6.46p to the upper bound (|7.2p 
in Theorem we deduce that iV minimizes the right-hand side and that 

f Wu(j)dP(j) < minW. 

Since P is supported on A mx , we obtain that P-a.e. j minimizes Wjj over A mx . Since 
minimizers of Wjj are independent of U, we have the result. 

In the case of large applied fields |log e| 4 <C -p, Corollary 17.21 yields 

minG £ < — |ft||loge'| + \Q\h ex ( min W + — + o(l) J , 
2 y Ai 2ir J 

thus Proposition 16.61 applies and comparing the above to (|6.47p . we deduce that there is 
equality and that 

fwu(j)dP(j) < minW. 
J M 

We again deduce that P-almost every j minimizes W over A\. From (|5.26p in Proposition 
I5T61 we get that (Q9j) holds. 

Note that Theorem [5] implies Theorem 2] since, from (|5.25p in Proposition 15. 6|, if h ex — 
A|log e\ with A > X n then Gf - Gf° = 0(1) as e -»• 0. 

Remark 6.7. If we had chosen from the beginning N = N = ^-f £ (D,' e ) as indicated in 
footnote in the proof of Proposition [U7J[ the we would obtain the lower bound (|1.49|) with that 
N. Combining with the upper bound of Theorem^ we may deduce that G £ = min^veN 
o(N) + o(Nq). A careful examination of the variation of G^ with N, based on Lemma \5.4\ 
should then allow to obtain that N = Nq or Nq up to an error which is quantified by the 
examination of the growth of G^ = G^° (this is quite delicate, though). We expect this error 
to be for small enough applied fields, in particular for h ex < H Cl + 0{yj \\og e|). 
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7 Upper bound 



In this section, we use the notation of Section [SJ in particular the definitions of h e n,lj e n... 
can be found there. We make here, and here only, the assumption that is convex. This 
guarantees the smoothness of the solutions to the obstacle problem (jA.ip . see below. We do 
not believe this is a serious restriction, but the possible presence of cusps in the coincidence 
set would certainly add technical difficulties to our construction. 

We prove the upper bound matching the lower bound of Theorem [5] (recall the definition 
of Gf in CLU)): 

Theorem 7. Assume that Q is convex and that {l-4<ty holds. Then for any family of integers 
{N} depending on e and satisfying 

(7.1) KiV<H^, as e ->■ 

the following holds: 

1. There exists (u e ,A e ) such that, as e — > 0, 

(2-7T 
min W + 7 + 0(1' 
m A A m . x 

where A E [Aq,+oo] is the limit of h ex /\log s\ as e — > 0, where A mx * s as * n Definition 
\l.ll and where e' = E\/h cx . 



2. Let 1 < p < 2 be given. For any probability P on L^ oc (M? , M 2 ) which is invariant under 
the action of translations and concentrated on A mx , there exists (u E ,A e ) such that, 
letting P £ be the push-forward of the normalized Lebesgue measure on uj £ ^n by the map 

x i y i — j(u £ ,A £ ) ( x + -7?= ) , we have as e — > 0, P £ — > P weakly and 

(7.3) G e (u £ ,A £ )<G? + n(^-J W K (j)dP(J)+i + o(l)Y 

Corollary 7.1. Under the same assumptions, we have 

min G £ < min Gf + CN < Ch cx | log e' \ . 

Nd{N^,N+} 

Proof. To obtain an upper bound, we apply the result above with N = Nq and N = Nq 
(recall that iVo is not necessarily an integer) and use (|5.25p in Proposition 15.61 □ 

Corollary 7.2. Under the same assumptions, if |log e| 4 <C h cx <C Jy, we have 

mmG £ < \\Q,\h cx \ \oge'\ + h cx \tt\ (min TV + + o(l) ) . 

2 \ Ai 2ir J 

Proof. This follows from (|7.2p applied with N = Nq , ()5.26|) in Proposition I5.6( |k> £ ,jv| < |^| 
and A = +oo. □ 

We now prove Theorem [71 
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7.1 Properties of oj e ^ N 

The convexity of guarantees that the coincidence sets {uj m } m for the minimizers of (jA.lj) are 
convex (Friedman-Phillips, [FPJ, see also |Kaj . [DMJ). Then the density criterion of Caffarelli 
jCafj and regularity improvement of Kinderlehrer-Nirenberg [KN] and Isakov [Is] imply that 
it is in fact analytic for any m. We state a density estimate which is uniform with respect to 
m £ (ha, !]• This is the only place where we use the assumption that Q, is convex. 

Lemma 7.3. Assume Q is convex (so that flTTHTJ is satisfied), and let L m be as in Proposi- 
tion \A.l\ Then there exists a > and r$ > such that for any m E (h , 1], any r < tq, and 
any x S u m 

\uj m n B(x,L m r)\ > 
\B(x,L m r)\ 

Proof. We call d(r) the density ratio above. Since uj m is convex, r i— > d[r) is decreasing. 
But from Proposition IA.1} the diameter of uj m is bounded by CL m and \oj m \ > cL^, where 



c, C > are independent of m £ (/t ,l]. Therefore d(C) > c/C 2 . Letting a = c/C 2 and 
ro = C proves the lemma. □ 

Now assume the hypothesis of Theorem \7\ are satisfied. Then Lemma 15.11 applies and 
^e,N '■= — A/i £j 7v + h Et N = m £ ^h ex l UJeN where m £ ^ satisfies (|5.2p and m £ ^h cx \ui £ ^\ = 2ttN. 
Let 

4-—!— 



y / m £jN h ex 

We have (£' £ )- 2 \u} £iN \ £ 2vrN. 

Rescaling the previous lemma we find 

Corollary 7.4. There exists a > suc/i £/ia£ /or any R > 0, any e small enough depending 
on R, and x G w £i at u>e Ziaue |a; £j jv H -B(x, i?^ £ )| > a|B(a?, i^ £ )|. 

Proof. From Proposition 15.61 we have £' £ <C L e , where L e is the value of L m corresponding 
to m = m £j 7v- Thus, if e is small enough, we have Rt' e < r$L £ , and the previous lemma 
applies. □ 

7.2 Definition of the test current 

The construction follows similar lines as [SS4J, Chapters 7 and 10, but the estimates must be 
more precise as only an error of o(l) per vortex is allowed. From now on we assume (|1.3ip . 
(|1.48p and (|7.ip . We write for simplicity oj £ instead of oj £ ,n and m £ instead of m £ ^. 

Let R G 47rN be given. We tile M? in the obvious way by a collection {/Cj}j of squares of 
sidelength 2R£' £ . We let 

I = {i, Ki C u) e , dist (fCi, du £ ) > £' e }, u £ = U ie //Q Qj £ = u £ \ u £ . 

To prove the first item of the theorem, we apply Corollary 14.41 to a minimizer of W to find 
jji in Kr such that jn ■ r on OKr where Kr = [— R, R] 2 . To prove the second item, let P 
concentrated on A mx be given, and let us define P to be the push-forward of P under the 



rescaling j \— > j y-j=j . Then P is concentrated on A\ and from (jl.9p . we have 

(7.4) / WkU) dp (3) = — I WkU) dp ti) + 7 iog^A- 

J m\J 4 
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l 3R y^T ' m Ue 

2 



We then apply Corollary !4.5l to the probability P, it gives again a jr in Kr such that jr-t = 
on OKr. We continue the construction in the same way in either of these two cases. 

We next extend jr by periodicity to M 2 and, denoting by Co the center of /Cj , where io £ I 
is arbitrary, we let 

1 . ( x — Co 

JeO) = < 

in R 2 \ii, 

In particular, letting A = (co + ^ £ A#) n cD E , where A# denotes the support of z^r, and since 
j £ ■ t = on du) e , we have 

curl j £ = 2tt ^2 &p ~ m ehe^-Gj E , in R 2 . 

We define a current % as follows. First we note that since we have 

|w e | G 2ir£' e 2 N. Then, using Corollary 17.41 we may — we omit the cumbersome details — find 
disjoint measurable sets C\, . . . ,C n and yi G Cj such that, for some c, C > independent of 

R, e, 

(7.5) l^ = ^l Cl , |C i | = 2vr4 2 , BfeOcCiC B( yi ,C£' £ ). 

i 

We let jj = —V^fi, where 
(7.6) 



-A/j = 2ir5 yi - m £ h ex l Cl in Cl' e ) 
d„fi = on dB(y h C£' £ ), 



and then, letting j 4 = on R 2 \ B(yi,C£' e ), we let % = ^it=iJi- We have, letting A 
{yi, . . . ,y n }, 

curlj £ = 27r^ 5 p - m £ h cx l^ e . 
peA 

Finally we let j £ = j £ + j e , A = A U A. We have 
Proposition 7.5. The current j £ satisfies 



(7.7) 

Moreover 



in 



curl j 6 = 27r X] p eA ~ h ex m £ l u 
j £ = ' on \ n. 



(7.8) hmsup 1 (~ / ligp+^Alogr?) < + 0e (l), 

?7->o m e ft ex |o; e | J n\u pe A B(p,ni' e ) J K 

where lim e _»o °e(X) = 0. 

Finally, there exists tjq > swc/i that for any e small enough, any p G A and any q G 
[1, +oo) we have 

(7-9) ||j e - V x log | • -p\\\ Lq{B (p m e' E )) < C/J^. 
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Proof. The fact that curlj £ = 2ir Ylp^A $p ~ ^cx m e is obvious, and j £ = on f2 c follows 
from the definition of j £ and the fact that d(u £ ,tt c ) > C£' E if e is small enough. This is a 
consequence of the fact that on uj £ we have /i £i at = m £ ^h ex while on d£l we have /i £i tv = ^cx- 
The difference is 

A = /i ex (m 0iE - m £)N + 1 - m , e ) = c £)N + - 1 log e' | « -| loge'|, 



using (I5TT21) . It follows using (l5T20]l that d(w e , ft c ) > y/\log e'\/h cx > 4- 

We estimate j £ . From ([Til]), h{y) = -log|y - Vi\ + 9i{{y - yi)/t' £ ), where solves 
Aft(ic) = l Ci (yi + t' £ x) in 5(0, C) and d v Qi = on dB(0,C). Since l Ci G elliptic 
regularity implies that [|V(7i||£« < Cq for every q G [l,+oo). We easily deduce that 

(7.10) Hi, - v ± log| • -yi\\\ LH B( yi ,ce' s )) < C q l'fi-\ 

Since ji = outside B(yi, C£' £ ) we deduce 

(7-11) \\3i\\m^\B{ yi ,ce E )) < C/J" 1 (1 + c 2 " 9 ) , 

(7-12) IU*llL!»(Ha\B(i«,c<i)) <C (l + log . 

Then we compute estimates for j £ . Since jr is defined independently of e, there exists 770 > 
(depending on i?) which bounds from below the distances between the points in Ar and 
between Ar and 8Kr. Since d\v jr = in Kr we have that \\jr— V -1 log |-— y\ \\L9(B(y,ijo)) — C<? 
for any y G A# and moreover jr G Cj^.(-Kii \ A_r). It follows that Vy G A and Vq G [1, +00) 
we have 

(7-13) \\j £ - V 1 - log I • -y|| W (B(», w ^)) < C/e^ 1 - 

Moreover, since is uniformly locally bounded in L 9 ', for every q' G [1,2), we have for every 
x G M. 2 and every M > 



2 2 



(7-14) ailw^,^)} ^ C i' M7 ^ 7 

We are ready to derive estimates for j £ = j £ + ^iLiJi- First we note that from (|7.5|) 
we have that \yi — yj\ and d(yi,6j £ ) are bounded below by c£' £ , if i / j, therefore since 
Suppjj C B(yi,C£' e ) and Suppj e C u) e the overlap number of the supports of j £ and the ji's 
is bounded by a constant C independent of R, e. Moreover Cj £ is included in the complement 
of UiB( yi ,c£' £ ). 

We have L 2 j e • J £ = /r2 ii • Je ; but the number of i's for which the integrals above are 
nonzero is bounded by C I Su PPJgnSupp j £ I s i nce SuppJ e n Suppj £ C {d(x,oj £ ) < C£' £ } and using 
Proposition 15. 6\ item 4. Applying Holder's inequality to each of these nonzero integrals, and 
using flZJH) , fTHj) . we deduce 

(7.15) / i£ • J £ < c IS"PPJ e nSu P pi e | x c ^y x x < Cm£/lex0£(1)) 
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Note that still from Proposition 15.61 item 4, \cj e \ = o e (l)|u> 6 | and, since #A = £' e (2-ir) 1 |a> i 
and from (I7.1UP applied with q = 2 and (|7.12p . we deduce 



(7.16) 



|j£ 1 2 + 7r#Alog7? 

/R 2 \U psX B(p,^) 

Also, since by definition 



< C#A < Cm £ h ex \il} £ \ = o £ {l)h ex \tu £ 



W(j R , 1 Kr ) = lim ( \ [ \j R \ 2 + ir#(A R n K R ) log 77 J , 

^°\ 2 JK R \U peAR B(p, V ) J 

we have, multiplying by the number of squares in oj £ , which is \uj £ \£' £ ~ 2 / R 2 = h ex m £ \uj £ \/R 2 , 
that 

(7.17) lim _J_ ( I [ \j £ \ 2 + .#Alog^ - W ^ ^ 



n^o m £ h cx \io £ \ ^2 J E 2\u e jB(p fl <g J R 2 

and the limit is uniform in e since, despite the notation, the left-hand side only depends on 
R. From (j7TT5|) . (T7TTU|) and (T7TT7|) we deduce 

limsup— ( \ [ |i £ | 2 +7 r#Alog^ < ( W V*£«*m + Oe0) ) , 

and this holds uniformly in e. Since \uj £ \ = o e (l)|u; £ |, which implies that \uj £ \ = (1 — o e (l))|a; e |, 
we obtain (fTTH]) . Then (JESJ) follows from dTTTO]) . (I7TT3D . □ 

7.3 Definition of the test-configuration 

We next find A\ >£ such that curlAi j£ = m £ h ex l UJe = (i £ ,n, and set 

A £ = A 1>£ + V x h £jN . 
To define u £ , we start by defining its phase ip £ by requiring 
(7.18) V^ £ = A h£ +j £ . 

Indeed, denoting by the phase of ripeA \z-p\ ' we nave ^y (|7.7p 

curl (^4 1)E + j £ - V6) = fJ, £)N + 2tt 5 P - m £ h eK l Us - 2tt £ p = 0, 

peA peA 

therefore Ai )£ + j e — V0 is the gradient of a function i/;, we may then let <^ e = + this 
function is well-defined modulo 2tt in fi\A and satisfies ()7.18p . Hence e l<Ps is well-defined in 
0\A and V<p £ = A 1<£ +j £ . 

Fixing M > 1, we then define 

u £ (x) = e*^*) in n\ U peA B(p, Me) 
u e (x) = ^/ (J5=£l) e^) infl^Me), 

where / is the modulus of the unique radial degree-one vortex uo(r,9) = f{r)e ld (see [BBH, 
IMH IHHj ). / is increasing from to M, so that in particular we deduce \u £ \ < 1 everywhere. 

This construction is possible since, for fixed R, the distances between the points in A 
are bounded below by rjo£' £ (for some 770 possibly smaller than the one used before) and 

£' = , 1 , 3> e since we assume h ex <C \. The test-configuration (u £ ,A £ ) is now defined 

e vm e h ex e ' ' 

and there remains to evaluate its energy and show that it satisfies (j7.2[) . respectively (|7.3p . 
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7.4 Splitting of the energy of (u E ,A E ) 

According to Proposition 15.31 we have the relation 



G e (u e ,A e ) = G? + F E (u e ,A he )- [ (l-\u £ \ 2 )\Vh £ , N \ 

Jn 



where 

1 f irr ..,2 , , , „ ^2 , (1 " W?? 



F E (u E ,A ljE ) = - f |VA 1 , £ u| 2 + (curl J 4i )E -// £) j V ) 2 + 
1 Jn 



2e 2 

+ / (h E)N - h ex - c EjN )n(u E ,A ltE ) + c EiN / (n(u E ,A 1)E ) - n E;A ) 
Jn Jn 



First we observe that — |w £ | 2 )|V/i £i at| 2 = since V/i £i jv = in u £ and \u E \ = 1 
outside U pg A-B(p, Me), which is included in oj £ if e is small enough. Thus G E (u E ,A E ) = 
G^ + F £ (u £ , Ai )E ). There remains to evaluate F £ (u £ , Ai :£ ). By definition 



/i(u e , Ai, e ) = curl (iu £ ,V AhE u £ ) + curl,4i ie = curl(|u e | (y<p E - A XtE )) + /j, EjN 

l>e,N- 



curl(|u £ | 2 j £ ) + fjL e 



Since j £ = on Q c , we have J n fi(u £ ,Ai i£ ) = f n /i £j 7v = 2ttN. Moreover, a direct computation 
shows that /i(u, A) = where |u| = 1 so fj,(u E ,A\ )E ) is supported in uj £ , where h £t N—h ex —c £: N = 
— ^ | log e' | (see (j5.3|) ) . so we deduce 

/ (h E) N - h ex - c EjN )/j,(u e , A 1)E ) + c £j 7v / (/i(u E ,^i, e ) - m £) at) = -7riV|loge / |. 
Jn Jn 

On the other hand, by choice of <p e , 



We\ 2 \j 



2|„- 1 2 
s I • 



/ |V Al£ n £ | 2 = / |V|u £ || 2 + / |n e | 2 |V^ e -A li£ | 2 = / |VM| 2 + / 
Jn Jn Jn Jn Jn 

Recalling that curl Ai )E — (j, E) n = 0, we are thus led to 

(7.19) G £ (u £ , A £ ) = G? - ttN\ loge'l + i jf \u £ \ 2 \j £ \ 2 + |V|u £ || 2 + {1 ~^f )2 . 

It remains to estimate the terms on the right-hand side. 
Lemma 7.6 (Energy in B{p, Me)). For every p £ A, we have 

(7.20) \j \u £ \ 2 \j £ \ 2 + |V|n £ || 2 + (1 ~\ U f )2 = vrlogM + 7 + o M (l) + o e (l) 

1 Jb{ p ,Me) le 

where om(1) — > as M — >■ oo and o £ (l) — ?■ as e — >• 0, and 7 is the constant of (|1.52|) . 
Proof. From (jl.52p . and since uo(r,9) = f(r)e lS , we have 



1 [ M ( f ,2 f , (l-f 
M4+ooV2./ n \ J r2 



7 = _ Jim ( - / ( / + 72 + ^—t- ) 2vrr dr - vr log M ) . 
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On the other hand, from (|7.9p in Proposition 17.51 and since \u £ \ < 1, we have for any p £ A, 
by Holder's inequality 



U r 



B(p,Ms) 



j £ - V" 1 log | • -p\ 



< 



V 1 - log | 



\Ll(B(p,Me)) - y~Y~ ) " :l "' 

1 i 1 



choosing q > 2 and since £' £ 3> e. Moreover, choosing q > 2 and - + -y = 1, we have by Holder 
again 



/ \u e \ 2 V x log | • -p| • (i e - V x log I • -p|) 

JB{p,Me) 

1 2-1 2 -l 

||j £ -V log I • -p\\\Li(B(p,Me))\\T-T\\Li'(B(0,e)) ^ C ^e) q eV = °e( l ) 



< 
1 



where we used (|7.9p and the fact that £' e 3> e by (jl.48p . Finally, since 



Ibi 



IB(p,Me) 

we deduce that for each p G A, 



V" 1 log | • —p\ 



dx, 



l \Ue?\j £ ? = I 

JB(v.Me) JBi 



B(p,Me) 



f\\A/e) 



<B(p,Me) JB(0,Me) \ x \ 

Following [SSi] P- 210 > we deduce that (TT2Uj) holds. 



+ £ (1). 



□ 



Next, we consider the energy in the annuli B(p,£' £ r]) \ B(p, Me), which are disjoint when 

7] < 7]0- 

Lemma 7.7 (Energy in the annuli). For every p £ A, we have 

I r n _ i„, \2\2 



(7.21) 



,n £ | 2 | j£ | 2 + |VM| 2 + (1 l U / ? ^vrlog^ + C^. 
* ■' B(p,e' e ri)\B(p,Me) Z£ m£ 



Proof. Since \u £ \ = 1 on the annulus ^4 = B(p,£' £ r]) \ B(p,Me) only the first term in (|7.2ip 
needs to be bounded. Using (j7.9|) in Proposition 17.51 we have for q > 2 



\js - V x log 



<|A| 1 -^||i e -V ± log|--p|||| 9(A) <C g r ? : 



A similar argument yields, for any q' € [1,2), 

/ {js-V 1 - log | --pD-V- 1 log | • -p| 
We deduce, choosing for instance e? = 4, </ = 1 above, 

proving (|7.2ip . 



2 + C77 = 7rlog^ + C77, 
Me 



□ 
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From ([719"]) . t[775]> . ([730^ . (j7T2T|) . and letting M -)• +00, 77 -> 0, we deduce, since m e -)• m A 
as e — > and since 2ttN = m £ h ex \uj £ \ and -f = —, that for any R > 

(7.22) G £ ( Ue , A £ ) < G» + iV f vrlog -L + 7) + 2ttN W{j ^ 1kr) + o £ (N). 

V V^a / \Kr\ 

We recall our choice of jr. To prove item 1 of the theorem jr was the result of applying 
Corollary 14.41 to a minimizer of W, hence from (|4.6|) was such that 

r W{j R ,l KR ) . 

hm sup — — < mm W, 

R^oo \Kr\ M 

so that letting R — > 00 in (|7.22p we find 

G e (u e , Ae) < Gf + N f 27r(mm W - ~ logm A ) + 7 + o(l)J . 



In view of (|1.12p . this proves (|7.2p . 

To prove item 2 of the theorem, we chose jr given by Corollary 14.51 applied to P, so that, 
using (J73J), 

limsup ^g 1 .^ < / WMj)dP(j) = — / W K (j)dP(j) + ^logm A . 
R-^oo \Kr\ J m x J 4 

By letting R -)• 00 in (I7T221) . the result (JTSJ) follows. 

To conclude the proof of the theorem, it remains to show that P £ —> P, where P e is the 
push- forward of the normalized Lebesgue measure on uj £ j\r by x 1— > h — j(u £ , A £ ) ( x + -«== ) • 

V "■ex \ V^cx / 

Equivalently it suffices to show that P £ — > P where P e is the push-forward of the normalized 
Lebesgue measure on uj £ m by x 1— > , 1 , j(u £ ,A £ )(x H — , ' , ). Let $ be a continuous 
function on Lf oc (M 2 , M 2 ). By definition 

/ $(j)dPe(j) = { $(^±=j(u £ ,A £ )(x + —==)) dx. 

For any 77 > 0, we also have 

/ dP £ (j) = / d> ( —L= j(u £ ,A £ )(x + r == )) dx + o v (l) 

where o,(l) — > as 77 — > 0. On the other hand by definition of (u £ ,A £ ), j(u £ ,A £ ) = j £ + 
(\u £ \ 2 — l)j £ — |ti e | 2 V- L /i e! 7v- But h £j N is constant in u> £j jv, and (|u e | 2 — l)j £ — > in L p so we 
deduce that in {dist {x,duJ £ ) > 77} we have -jJ=== j(u £ , A £ )(x+ ^ mxhc J 3R in Lf oc (M 2 , M 2 ), 
as e — >■ 0. It follows that 

/ dP £ (j) = / *0'flOO) + + 0,(1) = / $(j) dPflO") + o 6 (l) + 0,(1), 

where we have used the periodicity of jr, and where Pr is as in Corollary 14.51 But Pr —> P 
as R — > 00 so letting £ — 0, 77 — 0, and R — > +00, we obtain the desired result. 
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A Additional results on the obstacle problem 



Here we gather a few results on the obstacle problem that we need at various places in the 
paper. Although these results may be known to experts, we have not been able to find 
them in the literature, so they may be of independent interest. We focus on the particular 
type of obstacle problem we are concerned with, which is an obstacle problem with constant 
obstacle. More precisely, letting Q be any smooth bounded domain in M 2 , for any m £ (—00, 1] 
we denote by H m the minimizer of 

(A.l) min (1 - m) / \ - AH + H\ + - [ \VH\ 2 + \H - 1| 2 . 

By convex duality and the maximum principle (cf. [Br, BSJ) it is equivalent to the obstacle 
problem 

(A.2) min - / \VH\ 2 + H 2 . 

ff-ietfi(n) 2 J n 

We also define the coincidence set 

u) m = {x £ Q\H m (x) = m}. 

For general references on obstacle problems we refer for example to |KS| . (|A.2p is a standard 
obstacle problem where the obstacle is constant and equal to m, and we are interested in the 
properties of the coincidence set uj m as m varies. It is known that 

—AH m + H m = rol Um . 

Note that the regularity of u> m for fixed m is well-known (see [Cafl IBK] or the survey [Moj ) , 
however this is not sufficient for our purposes, since we need estimates which are uniform in 
m. More precisely let us define h$ to be the minimizer of the unconstrained problem, i.e. the 
solution of 

-Ah + h Q = inO 
ho = 1 on dO,, 



and set 



hn = min hn . 

n 



Then the situation is as follows: 

1. If m < h then oj m = and H m = ho- Thus 

(A.3) h Q = 1 --L 

where \q is as in Section [L6l 

2. If h < m < 1 then u m 7^ 0. Moreover, as m / 1, u) m — > $7, and as m \ h , 0J m 
reduces to the set of points where ho achieves its minimum h . If we assume in addition 
that h is achieved at a unique point xq then as m \, h , oj m is expected to shrink down 
to xq in an ellipse shape. 
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Our task here is to establish more precisely this behaviour, in particular obtain some uniform 
estimates of convergence of u m (after blow-up at a suitable scale) to an ellipse. We recall 
that we make the assumption (|1.3ip . It is standard (see [ST| ) that there exists an ellipse Eq 
of measure 1 and a nonnegative function Uq defined in E? such that 

(A.4) A[/q = ^1 r2 \ £q , {U Q = 0} = E Q . 

One may check that this Uq is unique and that 

Q AQ 
Uq = Cst + — - — log*l SQ . 

This ellipse will be shown to be the limit of the coincidence sets uj m as m \, rescaled at a 
scale L m which is not completely obvious to guess since it contains a logarithmic factor, more 
precisely 



A.5 L w ~ J - v ~ 0J asm\h . 

V ^o|log(m-Ao)l 

Our main result is the following. 

Proposition A.l. Let H m be as above the minimizer of ()A.2p . The following holds. 

1. The coincidence set uj m is empty if m < /i and has positive measure if m > h - H m 
is increasing with m, the coincidence set uj m as well, and m \— > m\u; m \ is a continuous, 
strictly increasing bijection from [h.Q,l] to [0, |f2|]. 

2. If K is any compact subset of (h , 1) then, uniformly with respect to m € K , 

\{x | d(x,duj m ) < 5}\ = \{m < H m < m + 5}\ = 

<5 — ^0 \oJ m \ S-yO \bJm\ 

3. For any 5 > 0, if 1 — m is small enough then x € 0, \ uj m implies that d{x, <9S7) 2 < 
(1 — m)(2 + 5). In particular there exists a constant C depending only on £1 such that 



(A.6) \n\u m \ < CVT^n~ \\VH m \\ Lao{n) < C^/l 

4- Assuming M.31\) . there is a length L m such that 

(A. 7) L m 2 \ log L m \ ~ 27r(m — ho) /ha as m ^ h. 



m. 



and such that for any M, 5 > 0, if m is sufficiently close to h then 
{d(x,uj Q c ) > 5L m } CuJmC {d(x,uj Q ) < 5L m }, 
(A 8) l Hm L ~ 2 m <m\ Cxo + L m {U Q <M + 5}, 

\ Hm ~ 2 m > m) c x + L m {U Q > M - 5}. 

where ujq = xq + L m EQ. In particular \oj m \ ~ L m 2 as m -> /t . 
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The main technique is the construction of barriers: 



Lemma A. 2. Let H m be as above. Let h be a continuous function. 



Interior barrier. If h > H m on d£l, if h > m in £1 and if —Ah + h > in Q, then 



h > H m in Q, in particular {h 



m} C to. 



Exterior barrier. If h < H m on d£l, if h> m inVt and if —Ah + h < mln =m i in £1, then 



h < H m in VL, in particular u m C {h 



m}. 



Both assertions are easy and standard applications of the maximum principle. 
We now turn to the proof of the proposition. First recall that from a well known result 
of J. Frehse ([ErJ), H m is C 1 ' 1 and, as a consequence, —AH m + H m — ml^. 

Proof of 1). If m < /3, then H m + {f3—m) is an interior barrier for hp, thus u! m C u)p (hence co m 
is increasing in m). If m < /i then ho is an exterior barrier for H m hence uj m = 0. If m > h^ 
and uj m is negligible, then —AH m + H m — ?ril Wm — in 17 and H rn — 1 on d£l hence Hm — ho, 
which is impossible. By Lemma lA.21 too, for m < m' we have H m < H m i < H m + (m! — m), so 
H m is increasing in m, and also H m i — > H m uniformly in fi as m' tends to m from above, and 
then in the distributions sense too. Hence, using —A(H m > — H m ) + (H m > — H m ) > ml w ,\ Wm ) 
we find that \ui m i \ u m \ tends to zero as m' — > m. It follows that m 1— > m\oj m \ is a continuous 
strictly increasing function of m. For m = it is equal to 0, while for m = 1, it is immediate 
that H m = 1 and uj m = U, so m 1— > m\oj m \ maps [h , 1] to [0, |fi|] bijectively. □ 

Proof of 2). Let uj m ,5 = | d(x,du m ) < 5}. Then it is true that lim^o \^m,s\ = 0, indeed 
n<5>o^m,(5 = du m and |5w m | = 0, see [BKj . From the previous step lim^o \ UJ m+&\ UJ m-&\ = 0. 
Thus for any e > and any m G K there exists (3 > m such that \ w m | < e and then 
there exists 5 > such that IwajI < e and |w TO< y| < s. Then for any m! G [m,/3], it holds that 



hence |w m ',5| < 3e. Then by the compactness of K, lim^ \^m,s\ = uniformly in m G K, 
which is what we want since from 1) we have that inf mg ^ \uj m \ > 0. 

Similarly, we have r\s>o{m < H m < m + 5} = and, since m! > m implies H m < H m i < 
H m + (m! — m), we have 



Thus for any m G K and e > 0, taking 5 such that \{m < H m < m + 25}\ < e we find 
\{m' < H m i < m' + 5}\ < e for any m' G [m, m + 5] and it follows as above that lim^o \ { m < 



{m < H m i < m + 5} C {m < H m < m' + 5}. 



H m < m + 5} I =0 uniformly in m G K. 



□ 



Proo/ 0/ 5,1. We let d{x) = d(x, dto) and 




(1 — m) ^ — h m if d(x) < ?] 
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We claim that if rj is well-chosen and 1 — m is small enough, the function h is an interior 
barrier for H m . Indeed h(x) = / o d hence Ah = f"(d)\Vd\ 2 + /'(d) Ad with 

2(1 -m) „ 2(1 -m) 
/ ( d ) = ^2 ( d ~ 7 ?) 1 rf<»7' / W = ^2 ld <r<- 

In addition we have |Vd| = 1 and |Ad| < kq, where is the maximum of the curvature on 
dil. Thus — Ah + h is trivially positive on {d > 77} while on the set {d < rj} we have 

1 — m 1 — m 

-Ah + h> -2 5 2 kq + m. 

r/ z 77 

Letting rj 2 = (2 + S) (1 — m) , the right-hand side is positive for m close enough to 1 (depending 
on 5). Then h is an interior barrier for H m and we deduce that {d 2 > (2 + S)(l — m)} C u m . 
The first result in (|A.6p . i.e. |f2\w m | < Cyl — m, follows immediately, for some appropriate 
C depending on VL. The second assertion is a consequence of the first one, together with the 
estimate 

with C independent of m (see |BKj ). Indeed, either x £ uj m and then VH m (x) = 0, or x £ ui m 
and since there exists y 6 Lo m such that \x — y\ < Cy/\ — m, the C 1 ' 1 estimate implies that 



|V# m (x)| < \VH m (y)\ + CVT^m = Cy/T^m. 

□ 

Proof of 4)- Let ojq = xq + L m EQ, for some L m to be specified below, and define /i to be the 
solution of — Ah + h = ml WQ in f2 and /i = 1 on dQ. Then we may express h as 



h(x) = m j G n (x,y)l ujQ (y)dy + h (x) 



where Gn(-, y) is the solution of — AGq + = 5 y in $7 and = on 90. We further split 
Gn as 

Gn{x,y) = -—log \x-y\ + S n (x,y), 

where Sn(-,y) solves — ASn + Sq = log | • —y\ in f2, thus is C 1 locally in $7. 

Replacing accordingly in the expression of h and writing x = xq + L m x' , we obtain (using 
the fact that the volume of Eq is 1) 

h(x) = ho - ^L m 2 logL m + L m 2 mSn(x ,x ) + L m 2 Qq(x') - ^ log *1 Eq {x')j + R{x), 
where 

i?(x) = (h (x) -h - ]^L m 2 Q(x') S j + m j (Sq(x, y) - Sq(x , x )) 1 Wq (y) dy. 

The first term in R{x) is the remainder of the Taylor expansion of order 2 of ho at xq. It is 
therefore 0(\x— xq\ 3 ) and its derivatives are 0{\x—xq\ 2 ) since /io is analytic. Since \ojq\ = L m 2 
and since y E wq => |y — xo| < CL m , the second term in i?(x) is clearly 0(L m 2 |x — xq\ 
and, since SV2 is C 1 , differentiating under the integral sign shows its derivatives are 0(L Ti 



J m 
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Differentiating twice allows to bound its second derivatives by ||Z? 2 5n||i,3||l tjQ || i? ' and using 



the equation satisfied by Sq we have that H-D^nHi/? for every q < +00, while ||l u 



2 

L m 7 . Thus the second derivatives of the second term are bounded by C p L m p , for every p < 2. 

To sum up, for any p < 2 we have 

(A.9) 

R(x) = 0(L 3 m + \x- x \ 3 ) , VR{x) = O {I? m + \x- x | 2 ) , V 2 R(x) = O {LP m + \x - x \) . 

Then we note that \Q — ^ log *1e q is equal to Uq + Cq^q where Cn,Q is a constant. Indeed, 
note that since Q = D 2 ho(xo) and — Aho + ho = we have ^AQ = Aho(xo) = ho(xo) = h , 
and the claim follows from (|A.4p . Thus, if we choose for L m a solution of the following 
equation 

(A. 10) m -h Q = _=°L m 2 i og L m + L m 2 (h Sn(x ,x ) + Coq) , 

we have 

(A.ll) h(x) = m + L m 2 U Q {x') + R'(x), 

where 

R'(x) = R(x) + L m 2 (hQ - m) \og*l EQ {x) + ^logL m - 5n(x ,a:o)j • 

Since |/i — m| < CL m 2 log L m , we easily deduce that R' satisfies the same properties as 
R, i.e. (|A.9p . Returning to (jA.lOp . since the term L m 2 \ogL m dominates, we deduce that 
L m 2 \ logL m | ~ 27r(m — h )/h as m — > h and that (|A.7|) and (|A.5p holds. From (|A.lip and 
()A.9P for R', we deduce that for any M, 5 > and if m — h is small enough, then 

(A.12) {U Q < M - 6} C tx' I h (xo + L m x')-m < M | c < M + 

Indeed (|A.9p . (jA.lip imply local uniform convergence of h ( xo+ ^ m ^ )~ m to Uq as m — h 
decreases to 0, which implies that L m decreases to by (|A.5p . Thus it suffices to check that 
h(xo + L m x') < m + ML m 2 implies a uniform bound for x'. This is the case because the 
equation satisfied by h implies that \\h — /io||oo - > as m \ /i - Thus < m + ML m 2 
implies that x — xo is small as m \ h^. Then, \x — xq\ 3 = o(\x — xo\ 2 ) = o(L m 2 + L m 2 UQ{x')) 
since Uq(x') ~ ^Q(x') as — > +00. Therefore = o(L m 2 + L m 2 UQ{x')) and we 

deduce from (|A.lip a bound for Uq(x'), hence for x' . Note in particular that the minimum 
of h(xo + L m x') is achieved in a fixed compact set of M 2 , and then ()A.9p . (jA.lip yield 

(A. 13) h := min/i = 0(L m 3 + m). 

Next, we use /i to construct an exterior and an interior barrier for H m . The exterior barrier 
is defined by h out = max(/i — 5L m 2 , m). Where h out = m it is obvious that — Ah out + h out = m. 
Then by definition h ou t(x) 7^ m implies that h(x) — SL m 2 > m and then from (|A.lip - (|A.9p if 
m — h is small enough, we must have x ^ ujq (recall that Uq = in Eq). Therefore where 
hout > m we have 

-A /tout + ft-out = -Ah + h- 5L m 2 = -5L m 2 . 
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Therefore — A/i ou t + h out < rril{h m t=m}- The other properties of exterior barriers are trivially 
verified by /i ou t thus /i ou t < H m and then, using ()A.12p . 

(A.14) uj m C {/iout = m} = {h<m + 5L m 2 } C {x + L m y | U Q (y) < 25} 

{H m <m + ML m 2 } C {/iout <m + ML m 2 } C {h < m + (M + <5)L m 2 } 

C {x + L m y | C/ Q (y) < M + 25}. 

For the interior barrier, let x : — >• be smooth and such that \ = 1 in a neighborhood 
of and X|[i,+oo) = 0- Then let /i = min(m, min^ h) and 

h int (x) =m + (h(x) - h)ip(x), tp(x) = x 

We have — A/i; n t + h[ n t = —Ah + m + h — h = m — h>0 on wq c and h{ nt = 1 + (m — /i) > 1 
on Moreover, /i; nt > m. It remains to check that — A/ij nt + h[ nt > in ojq. 
Since Uq = on and using (|A.llj) . (jA.9|) . we have on ojq 

/ L 2 L 3 

A/i int = (^A/i + 2Vv? • V/i + (h - h)A<p = 0iL m + ^- + ^- 

Indeed, since Uq = on uq, we have h — h = 0(L m 3 ) and V(/i — h) = 0(L m 2 ), A(/i — h) = 
0(L m ) in ojq. It follows that if m — is small enough depending on 5, then — A/i; nt + /ij n t > 
m/2 in cjq, finishing the proof that /i; n t is an interior barrier for H m . Then /ij nt > H m in O 
and it follows easily using ()A,12p that 

(A. 15) {d(x,UQ c ) > 5L m } C {/lint = m} C w m 

{H m >m + ML m 2 } C {/ii n t > m + ML m 2 } = {h>m + ML m 2 } 

C {x + L m y | C/ Q (y) > M - 5}. 

The relation {/i; n t > m + MI m 2 } = {h > m + ML m 2 } follows from the fact that h\ n t = h 
outside ojq and that if m — is small, then both sets are disjoint from ojq: Indeed if x G ojq 
then from (IA,9p . (jA.lip we have h(x) — m = 0(L m 3 ) and /imt(^) — m = 0(L m 3 ) from (IATT3T) . 
Then, (|A.8j) follows from ()A.14p . (|A.15|> . The fact that \uj m \ ~ L m 2 as m — > /i is an easy 
consequence. 

□ 



d(x,UQ c 
5L m 
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